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EQUIVARIANT *-HOMOMORPHISMS, ROKHLIN 
CONSTRAINTS AND EQUIVARIANT UHF-ABSORPTION 


EUSEBIO GARDELLA AND LUIS SANTIAGO 


Abstract. We classify equivariant *-homomorphisms between C*-dynamical 
systems associated to actions of finite groups with the Rokhlin property. In 
addition, the given actions are classified. An obstruction is obtained for the 
Cuntz semigroup of a C*-algebra allowing such an action. We also obtain an 
equivariant UHF-absorption result. 
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1. Introduction 

Classification is a major subject in all areas of mathematics and has attracted 
the attention of many talented mathematicians. In the category of C*-algebras, the 
program of classifying all amenable C*-algebras was initiated by Elliott, first with 
the classification of AF-algebras, and later with the classification of certain simple 
C*-algebras of real rank zero. His work was followed by many other classification 
results for nuclear C*-algebras, both in the stably finite and the purely infinite case. 

The classification theory for von Neumann algebras precedes the classification 
program initiated by Elliott. In fact, the classification of amenable von Neumann 
algebras with separable pre-dual, which is due to Connes, Haagerup, Krieger and 
Takesaki, was completed more than 30 years ago. Connes moreover classified au¬ 
tomorphisms of the type IIi factor up to cocycle conjugacy in [7], This can be 
regarded as the first classification result for actions on von Neumann algebras, and 
it was followed by his own work on the classification of pointwise outer actions of 
amenable groups on von Neumann algebras in [8] . 

Several people have since then tried to obtain similar classification results for 
actions on C*-algebras. Early results in this direction include the work of Herman 
and Ocneanu in [18] on integer actions with the Rokhlin property on UHF-algebras, 
the work of Fack and Mareclial in m and m for cyclic groups actions on UHF- 
algebras, and the work of Handelman and Rossmann m for locally representable 
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compact group actions on AF-algebras. Other results have been obtained by Elliott 
and Su in m for direct limit actions of Z 2 on AF-algebras, and by Izumi in 20j and 
m, where he proved a number of classification results for actions of finite groups 
on arbitrary unital separable C*-algebras with the Rokhlin property, as well as for 
approximately representable actions. The classification result of Izumi regarding 
actions with the Rokhlin property has been extended recently by Nawata in [24] to 
cover actions on certain not-necessarily unital separable C*-algebras (specifically for 
algebras A such that A C GL(A)). It should be emphasized that the classification of 
group actions on C*-algebras is a far less developed subject than the classification of 
C*-algebras and even farther less developed than the classification of group actions 
on von Neumann algebras. 

In this paper we extend the classification results of Izumi and Nawata of finite 
group actions on C*-algebras with the Rokhlin property to actions of finite groups 
with the Rokhlin property on arbitrary separable C*-algebras. This is done by 
first obtaining a classification result for equivariant ^-homomorphism between C*- 
dynamical systems associated to actions of finite groups with the Rokhlin property, 
and then applying Elliott’s intertwining argument. In this paper we also obtain 
obstructions on the Cuntz semigroup, the Murray-von Neumann semigroup, and 
the K-groups of a C*-algebra allowing an action of a finite group with the Rokhlin 
property. These results are used together with the classification result of actions to 
obtain an equivariant UHF-absorption result. 

This paper is organized as follows. In Section 2, we collect a number of defi¬ 
nitions and results that will be used throughout the paper. In Section 3, we give 
an abstract classification for equivariant *-homomorphism between C*-dynamical 
systems associated to actions of finite groups with the Rokhlin property, as well as, 
a classification for the given actions. These abstract classification results are used 
together with known classification results of C*-algebras to obtain specific classifi¬ 
cation of equivariant *-homomorphisms and actions of finite groups on C*-algebras 
that can be written as inductive limits of 1-dimensional NCCW-complexes with 
trivial Ki-groups and for unital simple AH-algebras of no dimension growth. 

In Section 4, we obtain obstructions on the Cuntz semigroup, the Murray-von 
Neumann semigroup, and the K*-groups of a C*-algebra allowing an action of a fi¬ 
nite group with the Rokhlin property. Then using the Cuntz semigroup obstruction 
we show that the Cuntz semigroup of a C*-algebra that admits an action of finite 
group with the Rokhlin property has certain divisibility property. In this section 
we also compute the Cuntz semigroup, the Murray-von Neumann semigroup, and 
the K*-groups of the fixed-point and crossed product C*-algebras associated to an 
action of a finite group with the Rokhlin property. 

In Section 5, we obtain divisibility results for the Cuntz semigroup of certain 
classes of C*-algebras and use this together with the classification results for actions 
obtained in Section 3 to prove an equivariant UHF-absorbing result. 


2. Preliminary definitions and results 

Let A be a C*-algebra. We denote by M(A) its multiplier algebra, by A its 
unitization (that is, the C*-algebra obtained by adjoining a unit to A , even if A is 
unital). If A is unital, we denote by U(A) its unitary group. We denote by Aut(A) 
the automorphism group of A. The identity map of A is denoted id^. 
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Topological groups are always assumed to be Hausdorff. If G is a locally compact 
group and A is a C*-algebra, then an action of G on A is a strongly continuous 
group homomorphism a: G —> Aut(A). Strong continuity for a means that for 
each a in A , the map from G to A given by g i —> ot g {a) is continuous with respect 
to the norm topology on A. 

We denote by 1C the C*-algebra of compact operators on a separable Hilbert 
space. We take N = {1,2,...}, Z + = {0,1,2,...}, and Z + = Z + U {oo}. 

2.1. The Rokhlin property for finite group actions. Let us briefly recall the 
definition of the Rokhlin property, in the sense of (32} Definition 2], for actions 
of finite groups on (not necessarily unital) C*-algebras. Actions with the Rokhlin 
property are the main object of study of this work. 

Definition 2.1. Let A be a C*-algebra and let a: G —> Aut(A) be an action of a 
finite group G on A. We say that a has the Rokhlin property if for any e > 0 and 
any finite subset F C A there exist mutually orthogonal positive contractions r g in 
A, for g £ G, such that 

(i) || a g (r h ) - r gh \\ < £ for all g,h£G; 

(ii) ||r s a — ar g \\ < e for all a £ F and all g £ G; 

(iii) IKEgeG r 9)«- a ll < e for a11 a£F. 

The elements r g , for g £ G, will be called Rokhlin elements for a for the choices of 
e and F. 

It was shown in [35] Corollary 1] that Definition 12.11 agrees with [501 Definition 
3.1] whenever the C*-algebra A is unital. It is also shown in [35, Corollary 2] 
that Definition m agrees with [53] Definition 3.1] whenever the C*-algebra A is 
separable. 

If A is a C*-algebra, we denote by £°°(N, A) the set of all bounded sequences 

(a„)„gN in A with the supremum norm ||(a n ) n eN|| = sup ||a„||, and pointwise oper- 

n£ N 

ations. Then t?°°(N, A) is a C*-algebra, and it is unital when A is (the unit being 
the constant sequence 1 , 4 ). Let 

c 0 (N, A) = |(a n ) neN G £°°(N, A): lirn ||a n || = o) . 

Then co(N, A) is an ideal in f?°°(N, A), and we denote the quotient 

r°(N,A)/c 0 (N,A) 

by A°°, which we call the sequence algebra of A. 

Write 7r^4: ^°°(N, A) —» A°° for the quotient map, and identify A with the sub¬ 
algebra of f?°°(N, A) consisting of the constant sequences, and with the subalgebra 
of A°° by taking its image under 7 r^. We write A*, = A°° n A' for the relative 
commutant of A inside of A°°, and call it the central sequence algebra of A. 

Let G be a finite group and let a: G —> Aut(A) be an action of G on A. Then 
there are actions of G on A°° and Aoo which, for simplicity and ease of notation, 
and unless confusion is likely to arise, we denote simply by a. 

The following is a characterization of the Rokhlin property in terms of elements 
of the sequence algebra A°° ( [32] Proposition 1]): 

Lemma 2.1. Let A be a C*-algebra and let a: G —> Aut(A) be an action of a 
finite group G on A. Then the following are equivalent: 

(i) a has the Rokhlin property. 
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(ii) For any finite subset F C A there exist mutually orthogonal positive con¬ 
tractions r g in A°° (~l F', for g £ G, such that 

(a) a g (r h ) = r gh for all g,h&G\ 

( b ) (E 3G g r a) b = b for a11 b G F - 

(iii) For any separable C*-subalgebra B C A there are orthogonal positive 
contractions r g in A°° n B' for g G G such that 

(a) a g (r h ) = r gh for all g,h G G; 

(b) (E seG r g )b = b for all b G B. 

The first part of the following proposition is [32} Theorem 2 (i)]. The second 
part follows trivially from the definition of the Rokhlin property. 

Proposition 2.1. Let G be a finite group, let A be a C*-algebra, and let a: G —> 
Aut(A) be an action with the Rokhlin property. 

(i) If B is any C*-algebra and /3: G — > Aut(13) is any action of G on B , then 
the action 

ag>/3: G —>• Aut(A &min B) 

defined by ( a ® f$) g = ot g ® (3 g for all g G G, has the Rokhlin property. 

(ii) If B is a C*-algebra and <p: A —>• B is an isomorphism, then the action 
g i—^ p o cx g o ip~ l of G on B has the Rokhlin property. 

The following example may be regarded as the “generating” Rokhlin action for 
a given finite group G. For some classes of C*-algebras, it can be shown that every 
action of G with the Rokhlin property tensorially absorbs the action we construct 
below. See El Theorems 3.4 and 3.5] and Theorem 15.21 below. 

Example 2.1. Let G be a finite group. Let A: G —> U(£ 2 (G)) be the left reg¬ 
ular representation, and identify £ 2 (G) with Cl G L Define an action p G : G —> 
Aut(M| G |=o) by 

OO 

/x G = (g) Ad (A s ) 

n =1 

for all g G G. It is easy to check that a has the Rokhlin property. Note that p G is 
approximately inner for all g £ G. 

It follows from part (i) of Proposition [2TT] that any action of the form a® p G has 
the Rokhlin property. One of our main results, Theorem 15.21 states that in some 
circumstances, every action with the Rokhlin property has this form. 

2.2. The category Cu, the Cuntz semigroup, and the Cu~-semigroup. In 

this subsection, we will recall the definitions of the Cuntz and Cu~ semigroups, as 
well as the category Cu, to which these semigroups naturally belong. 

2.2.1. The category Cu. Let S be an ordered semigroup and let s,t G S. We say 
that s is compactly contained in f, and denote this by s <C t, if whenever (t n )neN 

is an increasing sequence in S such that t < sup t, n . there exists k £ N such that 

nG N 

s < tk- A sequence (s n ) rae N is said to be rapidly increasing if s n <C s n + ± for all 
n G N. 

Definition 2.2. An ordered abelian semigroup S is an object in the category Cu 
if it has a zero element and it satisfies the following properties: 

(01) Every increasing sequence in S has a supremum; 
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(02) For every s £ S there exists a rapidly increasing sequence (s rt ) n eN in S 
such that s = sup s„. 

ni EN 

(03) If (s n ) ng N and (t n ) n gN are increasing sequences in S, then 
sup s n + sup t n = sup(s„ + t n ); 

n£N ngN neN 

(04) If si, S 2 ,ti,t 2 £ S are such that si <C t\ and S 2 <C < 2 , then S 1 + S 2 <C ti + O- 
Let S and T be semigroups in the category Cu. An order-preserving semigroup 
map ip: S —> T is a morphism in the category Cu if it preserves the zero element 
and it satisfies the following properties: 

(Ml) If (Sn)„eN is an increasing sequence in S , then 

<P ( sup s n ) = sup </?(s n ); 

\n£N / n£N 

(M2) If s,t £ S are such that sCt, then ip(s) <C <p(t). 

It is shown in (5J Theorem 2] that the category Cu is closed under sequential 
inductive limits. The following description of inductive limits in the category Cu 
follows from the proof of this theorem. 

Proposition 2.2. Let (S n ,ip n ) n with tp n : S n —> S n + 1 , be an inductive system 
in the category Cu. For m, n £ N with m > n , let '■ S n —>• S m +i denote the 
composition ip n ^ m = ip m o • • • o ip n . A pair (S, (<p n ,oo)nGfi), consisting of a semigroup 
S and morphisms ip n ,oo '■ S n S in the category Cu satisfying ip n +i,oo°<Pn = V^n.oo 
for all n £ N, is the inductive limit of the system (S n , <p n )neN if and only if: 

(i) For every s £ S there exist elements s n £ S n for n £ N, such that ip n (s n ) 
s n +1 for all n £ N and 

S = sup y>n,oo(STi); 
neN 

(ii) Whenever s, s',t £ S n satisfy (fi n ,oo(s) < <p n , 00 (f) and s' <C s, there exists 
m > n such that <p n ,m{s') < <p n ,m(t). 

Lemma 2.2. Let S' be a semigroup in Cu. let s be an element in S and let (s n )„ e N 
be a rapidly increasing sequence in S such that s = sup s n . Let T be a subset of S 

n£N 

such that every element of T is the supremum of a rapidly increasing sequence of 
elements in T. Suppose that for every neN there is t £ T such that s n -C t < s. 
Then there exists an increasing sequence (■ t n ) n in T such that s = supt n . 

n£N 

Proof. It is sufficient to construct an increasing sequence {nifjkcn of natural num¬ 
bers and a sequence (tfc)fce n in T such that s nic < tk < s nfc+1 for all k £ N, since 

this implies that s = sup tk ■ 
fee n 

For k = 1, set ni = 1 and s ni = 0. Assume inductively that we have constructed 
rij and tj for all j < k and let us construct rik+i and tk+i- By the assumptions 
of the lemma, there exists t £ T such that s Uk -C t < s. Also by assumption, t is 
the supremum of a rapidly increasing sequence of elements of T. Hence there exists 
t' £T such that s nk <t'<^s. Use that s = sup s n and t' <C s, to choose rik+i £ N 

nEN 

with nk+i > rik such that t' < s nic+1 <C s. Set t k +1 = t'. Then s nic < t k +i < s nic+1 . 
This completes the proof of the lemma. □ 


6 


EUSEBIO GARDELLA AND LUIS SANTIAGO 


Definition 2.3. Let S' be a semigroup in the category Cu. Let I be a nonempty 
set and let 7 *: S —>• S for i £ /, be a family of endomorphisms of S in the category 
Cu. We introduce the following notation: 

{ s r St if r < t, St = sups,- V t £ (0,1], 
seS: 3 (s t ) te(0 ,i] inS: r<t 

si = s, and 'ji(st) = s* V t £ (0,1] and V i £ / 


and 


s n <C s n +i V n G N, s = sup s„ 


S^={s€S:3 (s„) neN inS: 


raSN 


and 7 ,(s n ) = s n V n £ N and V i £ I ) 


Lemma 2.3. Let S be a semigroup in the category Cu. Let I be a nonempty set 
and let 7 *: S —> S for i £ I, be a family of endomorphisms of S in the category 
Cu. Then 

(i) S 7 is closed under suprema of increasing sequences; 

(ii) S 7 is an object in Cu. 


Proof, (i). Let (s n ) n gN be an increasing sequence in S^. For each n £ N, choose a 
rapidly increasing sequence (s ni m,) m eN in S such that s n = sup s n , m and 7 »(s n , m ) = 

m<EN 

s n ,m for all i £ I and m £N. By the definition of the compact containment relation, 
there exist increasing sequences ( rij)j and (to j)j^n in N such that Sk,i < s n , m 
whenever 1 < k,l < j, and such that (s n . m .)j £ N is increasing. Let s be the 
supremum of (s n , m in S. Then s £ S^, and it is straightforward to check, 

using a diagonal argument, that s = sups„, as desired. 

n£ N 

(ii). It is clear that S' 1 satisfies 02, 03 and 04. Now let us check that S ' 7 
satisfies axiom 01. Let (s(”i)„ e N be an increasing sequence in S ' 7 and let s be its 
supremum in S'. It is sufficient to show that s £ S 7 . 

For each n £ N, choose a path (s|"' > ) te ( 0 > i] as in the definition of S 7 for s^ n \ 

Using that sj;"'* <C s^ n+1 ^ for all n £ N and all t £ (0,1), together with a diagonal 
argument, choose an increasing sequence (t n )n€N in ( 0 , 1 ] converging to 1 , such that 

s™ <C V n £ N, and s = sups^. 

n£N 


This implies, using the definition of the compact containment relation, that for each 
re£N there exists t' n+1 such that t n < t' n+1 < t n+ 1 and 

4^ < S t" + 1) < fOT aU t £ (t' n+1 ,t n+1 \. 

Choose an increasing function /: (0,1] —> (0,1] such that 


/ 


1 — 1 T" 

n n + 


^ — (^7l+l) tn+l] 


for all n £ N. Define a path (st)te(o,i] in S by taking si = s and 


s t 


>+!) 

s /(t) 


for t £ 



1 

n + 1 


Then 7 j(s t ) = s t . for all t £ (0,1] and all i £ I, so s £ S 7 . It is clear that this path 
satisfies the conditions in the definition of S 7 for s. □ 
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2.2.2. The Cuntz semigroup. Let A be a C*-algebra and let a, h £ A be positive 
elements. We say that a is Cuntz subequivalent to 6, and denote this by a ^ b, if 
there exists a sequence (d „)„ g n in A such that lim || (Tfbd n — a|| = 0. We say that 

n—too 

a is Cuntz equivalent to 6, and denote this by a ~ 6, if a b and b ^ a. It is clear 
that ^ is a preorder relation in the set of positive elements of A, and thus ~ is an 
equivalence relation. We denote by [a] the Cuntz equivalence class of the element 
a £ A_|_ . 

The first conclusion of the following lemma was proved in na Proposition 2.2] 
(see also [23] Lemma 2.2]). The second statement was shown in [29J Lemma 1]. 

Lemma 2.4. Let A be a C*-algebra and let a and b be positive elements in A such 
that ||a — 6|| < e. Then (a — e)+ A b. More generally, if r is a non-negative real 
number, then (a — r — e)+ ^ (b — r)+. 

The Cuntz semigroup of A, denoted by Cu(A), is defined as the set of Cuntz 
equivalence classes of positive elements of A 0 1C. Addition in Cu(A) is given by 

la} + [b} = [a' + b'], 

where a/, b' £ {A <g> /C) + are orthogonal and satisfy a’ ~ a and b ' ~ b. Furthermore, 
Cu(A) becomes an ordered semigroup when equipped with the order [a] < [6] if 
a A b. If (j>: A — > B is a ^-homomorphism, then cf> induces an order-preserving 
map Cu(</>): Cu(A) — > Cu(£?), given by Cu(</>)([a]) = [(</> <S> idjc)(a)] for every a £ 
(A0AC)+. 

Remark 2.1. Let A be a C*-algebra, let a £ A and let e > 0. It can be checked 

that [(a —e)+] [a] and that [a] = sup[(a —e)+], thus showing that Cu(A) satisfies 

£>0 

Axiom 02. 

It is shown in [9] Theorem 1] that Cu is a functor from the category of C*- 
algebras to the category Cu. 

Lemma 2.5. Let A and B be C*-algebras and let p\ Cu(A) —>• Cu (B) be an 
order-preserving semigroup map. Suppose that for all a £ (A 0 IC)+ one has 

(i) p([a\) =supp([(a-£)+]), 

£>0 

(ii) p([(a - £•)+]) < p{[a]) for all £ > 0. 

Then p is a morphism in the category Cu; that is, it preserves suprema of increasing 
sequences and the compact containment relation. 

Proof. We show first that p preserves suprema of increasing sequences. Let a be 
a positive element in A ® K. and let (a„) ng N be an increasing sequence of positive 

elements in A 0 K. such that sup[a n ] = [a]. Then p{[a n ]) < p([a]) for all n £ N. 

n£ N 

Suppose that b £ (B® JC)+ is such that p(\a n }) < [6] for all n £ N and let £ > 0. By 
the definition of the compact containment relation and the fact that [(a—£)+] <C [a], 
there exists no £ N such that [(a — e) + ] < [a ra( ,]. By applying p to this inequality 
we get 

p{[{° -£)+]) < P(KoD < [b]- 

By taking supremum in £ > 0 and applying (i) we get 

p([a\) = sup p{[{a -£)+]) < [&]. 

e>0 

This shows that p([a]) is the supremum of (p([a n ]))„ g N, as desired. 
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We proceed to show that p preserves the compact containment relation. Let a 
and b be positive elements in A 0 K. such that [a] <C [ 6 ]. Choose £ > 0 such that 
[a] < [(6 — e)+] < [&]. It follows that 

p([a])<p([(b-e) + ])<p([b]). 

By (ii) applied to [ 6 ] we get p([a]) <C p([ 6 ]), which concludes the proof. □ 

The following lemma is a restatement of [221 Lemma 4]. 

Lemma 2.6. Let A be a C*-algebra, let (xi)f =0 be elements of Cu(A) such that 
Xi+i < Xi for all* = 0,..., n, and let e > 0. Then there exists a £ (A <g> K)+ such 
that 

x n < [(a - (n - l)e)+] < x n -i <C [(a - (n - 2)e)+] < ■ ■ ■ 

• • • <^xs <C [(a - 2e) + ] « i 2 « [(a — e)+] -C x\ <C [a] = x 0 . 

2.2.3. The Cu~-semigroup. Here we define the Cu^-semigroup of a C*-algebra. 
This semigroup was introduced in j28j in order to classify certain inductive limits 
of 1-dimensional NCCW-complexes. 

Definition 2.4. Let A be C*-algebra and let 7 r: A —> A/A = C denote the quotient 
map. Then 7 r induces a semigroup homomorphism 

Cu(tt) : Cu(A) ->■ Cu(C) “ Z^. 

We define the semigroup Cu~(A) by 

Cu^(A) = {([a], n) £ Cu(A) x Z + | Cu( 7 r)([a]) = n}/ 

where ~ is the equivalence relation defined by 

([a],n) ~ ([ 6 ],m) if [a] + m[l] + fc[l] = [ 6 ] + n[l] + fc[l], 

for some k £ N. The image of the element ([a],n) under the canonical quotient 
map is denoted by [a] — n[ 1 ]. 

Addition in Cu^(A) is induced by pointwise addition in Cu(A) x Z+. The 
semigroup Cu^(A) can be endowed with an order: we say that [a] — n[l] < [b] —m[ 1 ] 
in Cu^(A) if there exists k in Z + such that 

[a] + (m + A;) [1] < [ 6 ] + [n + k) [1] 

in Cu(A). 

The assignment A n- Cu" J (A) can be turned into a functor as follows. Let 
(j>: A —>• B be a *-homomorphism and let (f>: A —> B denote the unital extension of 
(f> to the unitizations of A and B. Let us denote by Cu^(^): Cu~(A) —> Cu ~(B) 
the map defined by 

Cu~(^)([a] - n[l]) = Cu(^)([a]) - n[l]. 

It is clear that Cu~(^) is order-preserving, and thus Cu"^ becomes a functor from 
the category of C*-algebras to the category of ordered semigroups. 

It was shown in {28[ that the Cu~-semigroup of a C*-algebra with stable rank 
one belongs to the category Cu, that Cu~ is a functor from the category of C*- 
algebras of stable rank one to the category Cu, and that it preserves inductive 
limits of sequences. 
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3. Classification of actions and equivariant *-homomorphisms 

In this section we classify equivariant *-homomorphisms whose codomain C*- 
dynamical system have the Rokhlin property. We use this results to classify actions 
of finite groups on separable C*-algebras with the Rokhlin property. Our results 
complement and extend those obtained by Izumi in [20 and |2Tj in the unital 
setting, and by Nawata in [21] for C*-algebras A that satisfy A C GL(A). 

3.1. Equivariant *-homomorphisms. Let A and B be C*-algebras and let G be 
a compact group. Let a: G —>• Aut(A) and /3: G —>■ Aut(B) be (strongly continu¬ 
ous) actions. Recall that a ^-homomorphism 0: A — > B is said to be equivariant if 
0 o a g = (3 g o 0 for all g £ G. 

Definition 3.1. Let A and B be C*-algebras and let a: G —> Aut(A) and (3: G —> 
Aut(I3) be actions of a compact group G. Let 0, 0: A —»• B be equivariant *- 
homomorphisms. We say that 0 and 0 are equivariantly approximately unitarily 
equivalent , and denote this by 0 ~G-au 0) if for any finite subset F C A and for 
any e > 0 there exists a unitary u £ B& such that 

||(/>(a) — u*ip[a)u || < e, 

for all a £ F. 

Note that when G is the trivial group, this definition agrees with the standard 
definition of approximate unitary equivalence of *-homomorpliisms. In this case we 
will omit the group G in the notation ~G-au, and write simply ~ a u- 

The following lemma can be proved using a standard semiprojectivity argument. 
Its proof is left to the reader. 

Lemma 3.1. Let A be a unital C*-algebra and let u be a unitary in Aoo. Given 
e > 0 and given a finite subset F C A, there exists a unitary v £ A such that 
|fya — an|| < e for all a £ F. If moreover A is separable, then there exists a 
sequence (w n ) ra eN of unitaries in A with 

lim \\u n a — au n \\ = 0 

n—>oo 

for all a £ A, such that 7r J 4((u„) ne pj) = u in A aa . 

Proposition 3.1. Let A and B be C*-algebras and let a: G —> Aut(A) and f3: G —> 
Aut(.B) be actions of a finite group G such that /3 has the Rokhlin property. Let 
0,0: (A, a) —> ( B , j3) be equivariant *-homomorphisms such that 0 ~ au 0. Then 
0 ~G-au 0- 

Proof. Let F be a finite subset of A and let e > 0. We have to show that there 
exists a unitary w £ B 13 such that 

||0(a) - w*ijj(a)w\\ < £, 

for all a £ F. Set F' = (J a g (F ), which is again a finite subset of A. Since 

geG 

0 ~ au 0, there exists a unitary u £ B such that 
(3.1) ||0(6) - u*0(&H| < £ 

for all b £ F'. Choose x £ B and A £ C of modulus 1 such that u = x + A1 jj . Then 
equation (ED above is satisfied if one replaces u with Xu. Thus, we may assume 
that the unitary u has the form u = x + 1 ^ for some x £ B. 
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Fix g £ G and a £ F. Then b = a g -i(a) belongs to F'. Using equation EH 
and the fact that <fi and %/} are equivariant, we get 

||/3 g - i (^(a))-u*/3 g -i(^(a))u|| < e. 

By applying (3 g to the inequality above, we conclude that 

||</>(a) - /3 g (u)*ip(a)p g (u )|| < e 

for all a £ F and g £ G 

Choose positive orthogonal contractions (r g ) gg <3 Q -Boo as in the definition of 
the Rokhlin property for /?, and set v = /3 g (x)r g + 1Using that x g + 1^ is a 

n< <■ 

unitary in B , one checks that 

v*v = Y (Pg(x*x)r 2 g +/3 g {x)r g + P g {x)r g ) +1§ = 1§. 
g&G 

Analogously, we have vv* = lg, and hence v is a unitary in B. For every b £ B, 
we have 

v*bv = Y r gPg( u )* b Pg( u )- 
g&G 

Therefore, 


||</>(a) -v*ip(a)v\\ 


Y r 9^ a ) ~ r g^gi u )*^ a )^g( u ) 

geG g&G 


< £, 


for all a £ F (here we are considering 4> and 0 as maps from A to (B)°°, by 

composing them with the natural inclusion of B in (B)°°). Since v = ^ /3 g (xr e ) + 

g&G 

ljj, we have v £ ( BP)°° C (B)°°. By Lemma T3. II we can choose a unitary w £ B@ 
such that 

||0(a) — w*i/j{a)w\\ < £, 

for all a £ F, and the proof is finished. □ 


Lemma 3.2. Let A and B be C*-algebras and let 0: A -A B be a *-homomorphism. 
Suppose there exists a sequence (u„,)neN of unitaries in B such that the sequence 
(v n <f>( x)v*) ne N converges in B for all x in a dense subset of A. Then there exists a 
*-homomorphism if: A —> B such that 

lim v n (/)(x)Vn = i[>(x) 

n—t oo 

for all x £ A. 

Proof. Let 

S = {x £ A: (v n 4>(x)v^) n& ^ converges in B} C A. 

Then S is a dense *-subalgebra of A. For each x £ S, denote by ipo(x) the limit 
of the sequence (v n (f>(x)v^ ) n eN- The map ^o : S —> B is linear, multiplicative, 
preserves the adjoint operation, and is bounded by ||<^||, so it extends by continuity 
to a *-homomorphism if: A -A B. Given a £ A and given e > 0, use density 
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of S in A to choose x G S such that ||a — x\\ < |. Choose TV G N such that 
\\vn(I){x)v* n - Ip(x)\\ < §. Then 

II 4>(a) - v N 4>{a)v* N \\ < || 4>{a - a?)|| + ||^(a;) - v N (j>(x)v* N || + || v N cj)(x)v* N - v N (j>{a)v* N || 



It follows that ip( a ) = lim u n </>(a)u* for all a G A, as desired. □ 

n—too 

The unital case of the following proposition is [2U] Lemma 5.1]. Our proof for 
arbitrary C*-dynamical systems follows similar ideas. 

Proposition 3.2. Let A and B be C*-algebras and let a: G — > Aut(A) and (3 : G —> 
Aut(i3) be actions of a finite group G. Suppose that A is separable and that 
/3 has the Rokhlin property. Let <j>: A —» B be a *-homomorphism such that 
j3 g o (f> ~ au (f> o a g for all g G G. Then: 

(i) For any e > 0 and for any finite set F C A there exists a unitary u G B 
such that 

\\(/3 g o Ad(ui) o <j>){x) — (Ad(ui) o <j> o a 9 )(a:)|| < e, Vg G G, Vx G F, 

(3-2) ||(Ad(iy) o </>)(x) — <j)(x)\\ < e + sup ||(/3 ff o<j>o a g -i)(x) - 0(rc)||, Vx G F. 

g&G 

(ii) There exists an equivariant *-homomorphism if: A —»• B that is approxi¬ 
mately unitarily equivalent to (f>. 

Proof, (i) Let F be a finite subset of A and let e > 0. Set F' = 1J a g (F), which 

g£G 

is a finite subset of A. Since j3 g o </> ~ au <po a g for all g G G, there exist unitaries 
(u g ) g& G Q B such that 

IK/3 g°<t>){a) - (Ad(u g ) o cf o a g )(a)\\ < 

for all a G F' and g G G. Upon replacing u g with a scalar multiple of it, one can 
assume that there are (x g ) ge c Q B such that u g = x g + lg for all g G G. For a G F 
and g,h G G, we have 

||(Ad(ug) o (fo ah)(a) - (/3 h ° Ad(u h -i g ) o <j>)(a)\\ 

= || (Ad(u ff ) 0 (j )0 a g )(a g -i h (a)) - ( Ph o Ad(u h -i 9 ) o <j> o a h -i g ){a g -i h {a)) 
< II (Ad(rtg) 0 (j )0 a g )(a g -i h (a)) - {fi g o (f>)(a g -i h (a))\\ 

+ \\(Pg ° <t>){otg-ih(x)) - (Ph ° Ad(u h -ig) O (f o a h -i g )(a g -i h {x))\\ 



Choose positive orthogonal contractions (r g ) ge G Q -Boo as in the definition of the 
Rokhlin property for /3, and set 

u =J2 r 9 x 9 + 1 B G (^)°°- 

g&G 

Using that x g + 1 ^ is a unitary in B , one checks that 

uu = l s + J2(r 2 g x* g x g +r g x g + r g x* g ) = l s . 
g&G 
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Analogously, one also checks that uu* = ljj, thus showing that n is a unitary 
in ( B)°°. The map Ad(zt) can be written in terms of the maps Ad(zt g ) and the 
contractions (r g ) g& G, as follows: 

(Ad(zi))(x) = uxu* = ^{u g xu g )r g = ^ (Ad{u g )){x)r g , 
g eG gGG 

for all x £ A. Now for a £ F and considering 0 as a map from A to (B)°° 
by composing it with the natural inclusion of B in ( B )°°, we have the following 
identities 

(/3 h ° Ad(u) o 0)(a) = ^2 r hg(Ph ° Ad(zi g ) o 0)(a) = ^ r g(A> ° Ad(u h -i g ) o 0)(a), 

g&G g&G 

(Ad(zt) o(j>o a h ){a) = ^ r g (Ad(u g ) o 0 o a h ){a). 

g&G 

Therefore, 

||(/3/i o Ad(zt) o 0)(a) - (Ad(zt) o (j> o a h )(a)\\ 

< sup II (Ad(zz g ) o(j>oa h )(a) - (/3 h ° Ad(u h -i g ) o 0)(a)|| < e. 

geG 

This in turn implies that 


||(Ad(zz) o 0)(a) — 0(a)|| 


r s(( Ad (%) ° ^)( a ) - ^(°)) 

gCG 


< sup || (Ad(ztg) o 0)(a) - </>(a)|| 
g£G 


< sup (|| (Ad(ztg) o 0 o a g )(a g -i (a)) - (/3 g o 0)(a g -i (a)) || + \\(/3 g o0oa r ,)(a) - 0(a) ||) 
geG 

< e + sup || (j3 g o 0 o a g -i)(a) — 0(a) || . 

gGG 


We have shown that the inequalities in (13.21) hold for a unitary u £ {B)°°. By 
Lemma 13.11 we can replace u with a unitary in w £ B in such a way that both 
inequalities still hold for w in place of u. 

(ii) Let (F n ) ne j$ be an increasing sequence of finite subsets of A whose union 
is dense in A. Upon replacing each F n with (J a g (F n ), we may assume that 

geG 

a g (F n ) = F n for all g £ G and n £ N. Set 0i = 0 and find a unitary u\ £ B such 
that the conclusion of the first part of the proposition is satisfied with 0i and e = 1. 
Set 02 = Ad(zzi) o cf>i , and find a unitary zt2 £ B such that the conclusion of the 
first part of the proposition is satisfied with 02 and e = |. Iterating this process, 
there exist *-homomorphisms 0 n : A —> B with 0i = 0 and unitaries (zz n ) ne pj in B 
such that 0 n +i = Ad(ztn) o 0 n , for all n £ N, which moreover for all n £ N satisfy 

II (A? ° 0n)(x) - (0n O «g)(x)|| < — 
for all g G G and for all and 

3 

||0„ + l(x) - 0„(x)|| < — 
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for all x G F n . For each n G N set v n = u n • • • ui. Then the sequence of unitaries 
(r n ) n gN in B and the ^-homomorphism </>: A —» B satisfy the hypotheses of Lemma 
13.21 so it follows that the sequence (</> n )neN converges to a *-homomorphism ip: A — > 
B that satisfies fi g oip = ipoa g for all g G G; that is, ip is equivariant. Since each <j> n 
is unitarily equivalent to <p, we conclude that <p and ip are approximately unitarily 
equivalent. □ 

3.2. Categories of C*-dynamical systems and abstract classification. Let 

G be a second countable compact group and let A denote the category of separable 
C*-algebras. Let us denote by A<g the category whose objects are G-C*-dynamical 
systems (A, a), that is, A is a C*-algebra and a: G —> Aut(A) is a strongly contin¬ 
uous action, and whose morphisms are equivariant *-homomorphisms. We use the 
notation <f>: (A, a) —» (B,/3) to denote equivariant *-homomorphisms <f>: A —► B. 
Approximate unitary equivalence of maps in this category is given in Definition 13. II 
If B is a subcategory of A, we denote by Bg the full subcategory of Aq whose 
objects are C*-dynamical systems (A, a) with A in B, and whose morphisms are 
given by 

HoniB G ((A, a), (£,/?)) = Hom Ac ((A,a), (B,/3)). 

Definition 3.2. Let B be a subcategory of A. Let F: Bg — > C be a functor from 
the category B(g to a category C. We say that the functor F classifies homomor- 
phisms if: 

(a) For every pair of objects (A, a) and ( B , 0) in Bg and for every morphism 

A: F(A, a) ->-F(B,/3) 

in C, there exists a homomorphism (p: (A, a) —> (B,f3) in B<g such that 

Ho) = A. 

(b) For every pair of objects (A, a) and (f?, 0) in Bg and every pair of homo- 
morphisms 

cp,ip: (A, a) -»• (Bj 3), 

one has F(0) = F(^) if and only if cp ~Q-au '*/’■ 

We say that the functor F classifies isomorphisms if it satisfies (a) and (b) above 
for ismorphisms instead of homomorphisms (such a functor is a strong classifying 
functor in the sense of Elliott (see [TT])). 

Let Ci and C2 be two categories. Recall that a functor F: Ci —»• C2 is said to 
be sequentially continuous if whenever C = lii^ (C , n , 0 n ) in Ci for some sequential 
direct system ( C n ,9 n ) n in Ci, then the inductive limit lim(F(C ra ),F(0„)) exists 
in C2, and one has 

F(lin^Cn, #n)) = lirp(F(C ra ),F(6> ra )). 

The following theorem is a consequence of m Theorem 3]. 

Theorem 3.1. Let G be a second countable compact group, let B be a subcategory 
of A, let B(g be the associated category of C*-dynamical systems, and let C be 
a category in which inductive limits of sequences exist. Let F: Bg — > C be a 
sequentially continuous functor that classifies homomorphisms. Then F classifies 
isomorphisms. 
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Proof. Let us briefly see that the conditions of m Theorem 3] are satisfied for the 
category Be- First, using that the algebras in Bg are separable and that the group 
is second countable we can see that the set of equivariant *-homomorphisms between 
two C*-algebras in B q is metrizable. Also, by taking the inner automorphisms of 
a C*-dynamical systems in Bg to be conjugation by unitaries in the unitization 
of the fixed point algebra of the given dynamical system, one can easily see that 
these automorphisms satisfy the conditions of m Theorem 3]. Finally note that 
the category D whose objects are objects of C of the form F(A,a) for some C*- 
dynamical system (A, a) in Bg, and whose morphisms between two objects F(A, a) 
and F(_B, a ) are all the maps of the form F(^>) for some equivariant ^-homomorphism 
< p: (A, a) -A is just the classifying category of Bg (in the sense of [TT]). 

since F classifies homomorphisms by assumption. Therefore, by m Theorem 3] the 
functor F is a strong classifying functor; in other words, it classifies *-isomorphisms. 

□ 

Definition 3.3. Let G be a compact group. Let C be a category and let C<j 
denote the category whose objects are pairs (C, 7), where C is an object in C 
and 7: G -A Aut(C) is a group homomorphism, also called an action of G on C. 
(We do not require any kind of continuity for this action since C does not a priori 
have a topology.) The morphisms of Cg consist of the morphisms of C that are 
equivariant. 

Let B be a subcategory of A and let Bg be the associated category of C*- 
dynamical systems. Let F: B —> C be a functor. Then F induces a functor 
Fg: Bg -a Cg as follows: 

(i) For an object {A, a) in Bg, define an action F(ct): G -A Aut(F(A)) by 
(F(a)) s = F(a s ) for all g £ G. We then set Fg(A, a) = (F(A), F(a)); 

(ii) For a morphism (f> £ HomB G ((d,a), (B,/3)), we set F g{<P) = F(</>). 

If G is a finite group, we let RBg denote the subcategory of Bg consisting of those 
C*-dynamical systems (A, a) in Bg with the Rokhlin property. 

The next theorem is a restatement, in the categorical setting, of Proposition l3.ll 
and Proposition 13.21 (ii). 

Theorem 3.2. Let G be a finite group. Let B, Bg, RBg, C, and Cg be as in 
Definition m Let F : B A C be a functor that classifies homomorphisms. 

(i) Let (A, a) be an object in Bg and let (B,f}) be an object in RBg. 

(a) For every morphism 7: (F(A),F(a)) -A (F(B), F(/3)) in Cg, there 
exists a morphism <p: (A, a) -A (B,/3) in Bg such that F g{4>) = 7. 

(b) If (p,ip: (A, a) -A (B,P) are morphisms in Bg such that F g{4>) = 
Fg(V’), then (j) ~g— au ip. 

(ii) The restriction of the functor Fg to RBg classifies homomorphisms. 

Proof, (i) Let (A, a) be an object in Bg and let (B,/3) be an object in RBg. 

(a) Let 7: (F(A),F(a)) -a (F(£?),F(/?)) be a morphism in Cg- Using that 
F : B —> C classifies homomorphisms, choose a *-homomorphism ip: A -a B such 
that F (ip) = 7. Note that 

F {ip o otg) = F {ip) o F (a g ) = F(/3 g ) o F (ip) = F(/3 g o ip), 

for all g £ G. Using again that F classifies homomorphisms, we conclude that ipoa g 
and fig o ip are approximately unitarily equivalent for all g £ G. Therefore, by part 
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(ii) of Proposition 13.21 there exists an equivariant *-homomorphism cj>: (A, a) —> 
such that <j> and if) are approximately unitarily equivalent. Thus <f> is a 
morphism in Bg and 

Fg&) = F(^) = F(ip) = 7, 

as desired. 

(b) Let {A, a) —> (B,/3) be morphisms in Bg such that Fg(<£) = Fg(V’)- 
Then (f> ~ au ^ because F classifies homomorphisms and F agrees with Fg on mor¬ 
phisms. It then follows from Proposition 13.II that <f> ~g- au V ; - 

Part (ii) clearly follows from (i). □ 

Lemma 3.3. Let G be a compact group, let A be a directed set and let C be a 
category where inductive limits over A exist. Let Cg be the associated category as 
in Definition 13.31 Then: 

(i) Inductive limits over A exist in Cg. 

(ii) If D is a category where inductive limits over A exist and F: C — > D is 
a functor that preserves direct limits over A, then the associated functor 
Fg : Cg —> Dg also preserves direct limits over A. 

Proof, (i) Let ((C A , a A ) AeA , (7 a,m)a,mgA,a<m) be a direct system in C G over A, where 
7 a, (C\,a x ) -P- for A < p, is a morphism in C G - Let (C, (7 a,oo)aga), 

with 7 A) oo : G\ —> C, be its direct limit in the category C. Then 

(7 m,oo o a^g)) o j Xi/i = 7 Aj00 o a x (g) 

for all p G A with A < p. Hence, by the universal property of the inductive 
limit (C, (7 A ,oo)a£a), there exists a unique C-morphism a(g): C —» C that satisfies 
a (d) ° 7 a, oo = 7 a, oo 0 oi\(g) for all A € A. Note that for g,h e G, one has 

(a(g) o a(h)) o 7 Ai00 = 7 Ai00 o a\{g) o a{h) = 7 Aj00 o a\(gh) 

for all A G A. By uniqueness of the morphism a(gh), it follows that a(g) o a(h ) = 
a(gh) for all g,h £ G. This implies that a(g) is an automorphism of C and that 
a: G —> Aut(C) is an action. Thus (C, a) is an object in Cg- 

We claim that (C,a) is the inductive limit of ((C A , Q: A ) A gA, (7 a,m)a,m£A,a<m) in 
the category Cg- For A G A, The map 7 Aj0 o is equivariant since 7 A ,oo 0 ct\(g) = 
a (d) ° 7 a, oo for all g G G and A G A. Let ( D , j3) be an object in Cg and for A G A, 
let p x : (C A ,a A ) —>• (D,/3) be an equivariant morphism. By the universal property 
of the inductive limit C, there exists a unique morphism p: C —> D satisfying 
Px = P° 7 a, oo for all A G A. We therefore have 

(/3(fl0 _1 ° P° ot(g )) o 7 Ai00 = /3 -1 (g) o po 7 AiOC o a x (g) 

= P~ l {g) ° pa,oo ° &x(g) 

- PX ,005 

for all g G G and A G A. Hence by uniqueness of p, we conclude that 

P~ 1 {g)o poa{g) = p 

for all g G G. In other words, p is equivariant. We have shown that (C, a) has the 
universal property of the inductive limit in Cg, thus proving the claim and part 
( 0 - 
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(ii) Let ({C\,a\)\zA, be a direct system in Cg and let ( C,a ) 

be its inductive limit in C g, which exists by the first part of this lemma. We claim 
that (F(C'),F(a)) is the inductive limit of 

((F(C'a), F(aA))AeA, (F(7A, M ))A, M eA,A<Ai) 

in the category Dg. Let ( D , 5) be an object in Dg and for A £ A, let p\ : (F(Ca), F(oa)) —> 
(D, 5) be an equivariant morphism satisfying p M = F(7 a iAI ) o p \ for all p £ A with 
X < p. Since F is continuous by assumption, we have 

F(C) = lim((F(C'A))AeA,(F(7A )M ))A, M eA,A< Al ) 

in D. By the universal property of the inductive limit F(C) in D, there exits a 
unique morphism p: F(C') —> D in the category D satisfying p o F(7 a j00 ) = Pa- It 
follows that 

(<%) -1 °P° F (a(g))) o F(7A,oo) = <%) _1 °P\° F(a\(g)) = p\, 

for all g £ G and A £ A. By the uniqueness of the morphism p, we conclude 
that S(g)^ 1 o po F(a)(p) = p for all g £ G. That is, p: (F(C),F(a)) —> (D,5) is 
equivariant. This shows that (F(C),F(a)) has the universal property of inductive 
limits in Dg. □ 

Theorem 3.3. Let G be a finite group, let B be a subcategory of A, and let C be 
a category where inductive limits of sequences exist. Let Bg, RBg, and Cg be as 
in Definition [3T3l Let F: B -> C be a sequentially continuous functor that classifies 
homomorphisms and let F<g: Bg —> Cg be the associated functor as in Definition 
13.31 Then the restriction of F<g to RBg classifies isomorphisms. In particular, if 
(A, a) and (B,f3) are C*-dynamical systems in RBg, then a and /3 are conjugate 
if and only if there exists an isomorphism p: Fg(A, a) —> F g(B, /3) in Cg- 

Proof. Since by Theorem 13.21 the restriction of the functor Fg to RBg classifies 
homomorphisms, it is sufficient to show that the conditions of Theorem 13.11 are 
satisfied. First note that sequential inductive limits exists in Bg since G is finite 
and they exists in B by assumption. Now by [211 Theorem 2 (v)] the same is 
true for RBg. Given that sequential inductive limits exist in the category C and 
F: B ->• C is sequentially continuous, it follows from Lemma [.'1.31 applied to A = N 
that sequential inductive limits exist in Cg and the functor Fg: Bg ->• C G is 
sequentially continuous. In particular, it follows that the restriction of Fg to RBg 
is sequentially continuous. This shows that the conditions of Theorem 13.11 are met. 

The last statement of the theorem follows from the definition of a functor that 
classifies isomorphisms. □ 

The following result was proved by Izumi in uni Theorem 3.5] for unital C*- 
algebras, and more recently by Nawata in [ 24j Theorem 3.5] for C*-algebras with 

almost stable rank one (that is, C*-algebras A such that A C GL(A)). 

Theorem 3.4. Let G be a finite group, let A be separable C*-algebra and let a 
and /3 be actions of G on A with the Rokhlin property. Assume that a g ~ au f3 g for 
all g £ G. Then there exists an approximately inner automorphism ip of A such 
that ip o a g = f3 g o ip for all g £ G. 



17 


Proof. Let C be the category whose objects are separable C*-algebras and whose 
morphisms are given by 

Hom(A, B) = {[</>] au : 4>'■ A ~ t B is a *-homomorphism}, 

where [(/>] au denotes the approximate unitary equivalence class of <f>. (It is easy 
to check that composition of maps is well defined in C, and thus C is indeed a 
category.) Let F: A —>• C be the functor given by F(A) = A for any C*-algebra 
A in A, and F(</>) = [</>] au for any ^-homomorphism <p in A. It is straightforward 
to check that sequential inductive limits exist in C and that F is sequentially con¬ 
tinuous. Moreover, by the construction of C and F it is clear that F classifies 
*-homomorphisms. Therefore, by Theorem 13.31 the restriction of the associated 
functor Fg to RAg classifies isomorphisms. 

Let A be a separable C*-algebra (that is, a C*-algebra in A), and let a and /? 
be as in the statement of the theorem. Since a g ~ au f3 g for all g £ G, we have 

F(id A ) o F(a g ) = F(id A o a g ) = F(p) g o id A ) = F (/3 g ) o F(id A ), 

for all g £ G. In other words, the map [id A ] au is equivariant. Also, note that this 
map is an automorphism. Therefore, it is an isomorphism in the category Cq. Since 
by the previous discussion, the restriction of Fg to RAg classifies isomorphisms, 
it follows that that there exists an equivariant *-automorphism ip: (A, a) —»• (A, (3) 
such that Fa{ip) = [id A ] au . In particular, a and /3 are conjugate. Using that 
F(ip) = Fg(V 0 = [id A ] au = F(id A ) and that F classifies homomorphisms, we get 
that ip ~ au id A . In other words, ip is approximately inner. □ 

Remark 3.1. In view of [24] Remark 3.6], it may be worth pointing out that one 
can directly modify the proof of [24] Lemma 3.4] to get rid of the assumption that 
A has almost stable rank one. Indeed, one just needs to replace the element w in 
the proof by the unitary w' = ( v g ~ + 1 A , where X g £ C is such that 

geG 

Vg Agl^ £ A. 

3.3. Applications. In this section we apply Theorems l3.2l HOI and !3.41 and known 
classification results, to obtain classification of equivariant *-homomorphisms and 
finite group actions on certain classes of 1-dimensional NCCW-complexes and AH- 
algebras. 

3.3.1. 1-dimensional NCCW-complexes. Let E and F be finite dimensional C*- 
algebras, and for x £ [0,1], denote by ev x : C([0,1],.F) —>• F the evaluation map 
at the point x. Recall that a C*-algebra A is said to be a one-dimensional non- 
commutative CW-complex, abbreviated 1-dimensional NCCW-complex, if A is given 
by a pullback diagram of the form: 

A-^ E 


C([0,1], F) 


-- F@F. 

evo©evi 


Theorem 3.5. Let G be a finite group. Let (A, a) and (B,/3) be separable C*- 
dynamical systems such that A can be written as an inductive limit of 1-dimensional 
NCCW-complexes with trivial Ki-groups and such that B has stable rank one. 
Assume that /3 has the Rokhlin property. 
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(i) Fix strictly positive elements sa and sb of A and B , respectively. Let 
p : Cu""(A) — »• Cu~(B) be a morphism in the category Cu such that 

p([sa]) < [sb] and p o Cu~(a g ) = Cu""(/3 g ) o p 
for all g £ G. Then there exists an equivariant *-homomorphism 
<p: (A, a) -A (B,(3) such that Cu~(0) = p. 

(ii) If </>, ip: {A, a) -A ( B , f3) are equivariant *-homomorphisms, then Cu ~{<f>) = 
Cu~(^) if and only if <p ~ G _ au ip. 

Moreover, if A is unital, or if it is simple and has trivial Ko-group, or if it can 
be written as an inductive limit of punctured-trees algebras, then the functor Cu~ 
can be replaced by the Cuntz functor Cu in the statement of this theorem. 

Proof, (i) Let p: Cu""(A) —»• Cu""(£?) be as in the statement of the theorem. By 
(251 , Theorem 1], there exists a *-homomorphism ip: A -A B such that Cu""(^>) = p. 
Using that p is equivariant, we get Cu""(/3 g o ip) = Cu ~(ip o a g ) for all g £ G. By 
the uniqueness part of [28] Theorem 1], it follows that (3 g o ip ~ au ip o a g for all 
g £ G. By Proposition [372j there exists an equivariant ^-homomorphism <p: A -A B 
such that (p ~au ip- Since Cu"" is invariant under approximate unitary equivalence, 
we conclude Cu~(0) = Cu~ (ip), as desired. 

(ii) The “if’ implication is clear. For the converse, let <p and ip be as in the 
statement of the theorem. By the uniqueness part of [28} Theorem 1], we have 
<p ~ au ip. It now follows from Proposition 13. II that (p ~ G -au ip- 

It follows from (28} Remark 3 (ii)], and by |28} Corollary 4 (b)], 12} Corollary 6.7], 
and [321 Corollary 8 . 6 ], respectively, that the functors Cu"" and Cu are equivalent 
when restricted to the class of C*-algebras that are inductive limits of 1-dimensional 
NCCW-complexes which are either unital or simple and with trivial Ko-group. 
Hence, for these classes of C*-algebras, the theorem holds when Cu"" is replaced 
by Cu. For C*-algebras that are inductive limits of punctured-trees algebras, one 
can use [ 6 , Theorem 1.1] instead of [28] Theorem 1] in the proof above to obtain 
the desired result. Finally, since B has stable rank one, the results in [28] show 
that Cu (B) is a subsemigroup of Cu""(H). In particular, for a homomorphism 
<p: A -A B, the range of the induced map Cu""(</>): Cu""(A) —» Cu""(H) is contained 
in Cu (B) C Cu~(B). □ 

Theorem 3.6. Let G be a finite group, and let (A, a) and ( B,f3 ) be separable 
dynamical systems such that A and B can be written as inductive limits of 1- 
dimensional NCCW-complexes with trivial Ki-groups. Suppose that a and /3 have 
the Rokhlin property. 

(i) Fix strictly positive elements sa and sb of A and B respectively. Then the 
actions a and /? are conjugate if and only if there exists an isomorphism 
7 : Cu""(H) —> Cu""(H) with 7 ([sa]) = [sb], such that 

7 o Cu""(a s ) = Cu""(/3 g ) o 7 for all g £ G. 

(ii) Assume that A = B. Then the actions a and /3 are conjugate by an 
approximately inner automorphism of A if and only if Cu""(a g ) = Cu""(/3 g ) 
for all g £ G. 

Moreover, if both A and B are unital, or if they are simple and have trivial Ko- 
groups, or if they can be written as inductive limits of punctured-trees algebras, 
then the functor Cu"" can be replaced by the Cuntz functor Cu. 
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Proof. Part (ii) clearly follows from (i). Let us prove (i). Let B denote the sub¬ 
category of the category A of C*-algebras consisting of those C*-algebras that can 
be written as an inductive limit of 1-dimensional NCCW-complexes with trivial 
Ki-groups. By |28j, Theorem 1], the functor (Cu~(-), [s. ]), where s. is a strictly 
positive element of the given algebra, restricted to B classifies homomorphisms. 
Therefore, by Theorem l3.31 the associated functor (Cug(-), [s. ]) restricted to RBg 
classifies isomorphisms, which implies (i). 

The last part of the theorem follows from the same arguments used at the end 
of the proof of Theorem 13. 51 □ 

Let G be a finite group. Recall that the action fi G : G —> Aut (M|gi=°) con¬ 
structed in Example 12.11 has the Rokhlin property, and that g G is approximately 
inner for all g £ G. 

In the next corollary, we do not assume that either a or j3 has the Rokhlin 
property. 

Corollary 3.1. Let G be a finite group and let (A, a) and (A, /3) be C*-dynamical 
systems such that A can be written as an inductive limit of 1-dimensional NCCW- 
complexes with trivial Ki-groups. Suppose that Cu~(a g ) = Cu~(/3 g ) for all g £ G. 
Then a ® g G and /3 ® H G are conjugate. 

Moreover, if A belongs to one of the classes of C*-algebras described in the last 
part of Theorem 13.61 then the statement of the corollary holds for the functor Cu 
in place of the functor Cu~. 

Proof. The actions a ® g G and fd ® g G have the Rokhlin property by part (i) of 
Lemma EU Note that g G is approximately inner for all g € G. Thus, 

Cu~(a <g> nf ) = Cu~(a <g> id M | G| oo) = Cu~(/3 ® id M | G|0 o) = Cu~(/3 ® n G ) 

for all g £ G. It follows from Theorem 13.61 (ii) that a <S> g G and /3 ® g G are 
conjugate. □ 

3.3.2. AH-algebras. Recall that a C*-algebra A is approximate homogeneous (shortly 
AH) if it can be written as an inductive limit A = lim(A„, 0 nj m), with 

A n = e$PnjM nij (C(X n j))P ni j, 

where X n j is a finite dimensional compact metric space, and P n j £ M re; y (C(X n j)) 
is a projection for all n and j. The C*-algebra A is said to have no dimension 
growth if there exists an inductive limit decomposition of A as an AH-algebra such 
that 

sup max dim X n j < oo. 

n 3 

Let A be a unital simple separable C*-algebra and let T(A) denote the metrizable 
compact convex set of tracial states of A. Denote by T the induced contravariant 
functor from the category of unital separable simple C*-algebras to the category of 
metrizable compact convex sets. It is not difficult to check that T is continuous, 
meaning that it sends inductive limits to projective limits. 

Let T be a metrizable compact convex set and let Aff(T) denote the set of real¬ 
valued continuous affine functions on T. Let Aff denote the induced contravariant 
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functor from the category of metrizable compact convex sets to the category of 
normed vector spaces. Denote by pa - Ko(A) —> Aff(T(A)) the map defined by 

(3-3) p A {[p\ - [g])(r) = (t <g> Tr„)(p) -(r« Tr n )(q) 

for p, q g M„(C), where Tr n denotes the standard trace on M n (C). 

Let A be a unital C*-algebra. Denote by U(A) the unitary group of A and by 
CU(A) the closure of the normal subgroup generated by the commutators of U(A). 
We denote the quotient group by 

H(A) = U(A)/CU(A). 

(see [35] and [25] for properties of this group). The set H(A), endowed with the 
distance induced by the distance in U(A), is a complete metric space. We denote by 
H the induced functor from the category of C*-algebras to the category of complete 
metric groups. Also, if A is a simple unital AH-algebra of no dimension growth 
(or more generally, a simple unital C*-algebra of tracial rank no greater than one), 
then there exists an injection 

(3.4) A a : Aff(T(A))/p A (K 0 (A)) -a H(A). 

(See [35] and |19j.) 

For a C*-algebra A, denote by K(A) the sum of all K-groups with Z/nZ co¬ 
efficients for all n > 1. Let A denote the category generated by the Bockstein 
operations on K(A) (see [TO]). Then K(A) becomes a A-module and it induces a 
continuous functor K from the category of C*-algebras to the category of A-modules. 

Let A and B be unital simple AH-algebras and let KL(A, B) denote the group 
defined in m ■ By the Universal Coefficient Theorem and the Universal Multi¬ 
coefficient Theorem (see [TO] ). the groups KL(A, B) and HomA(K(A), K(S)) are 
naturally isomorphic. Let KL)[“ + (A, B) be as in m Definition 6.4]. By the previ¬ 
ous isomorphism, the group KL)!~ + (A,.B) is naturally isomorphic to 

{k g Hom A (K(A),K(B)): «(K 0 (A)+ \ {0}) C K 0 (B)+ \ {0}, «([1 A ]) = re([l B ])}. 

Let us define a functor K ++ from the category of separable, unital, simple, finite 
C*-algebras to the category whose objects are 4-tuples (M, N, E,e), where M is 
a A-module, N is a subgroup of M, E is a subset of N, and e is an element of 
N; and whose morphisms n: (M,N,E,e) —> (M', N', E', e') are A-module maps 
k: M -a- M' such that k(N) C N r , k(E) C E' , and re(e) = e' . The functor K ++ is 
defined as follows: 


K ++ (A) = (K(A),K o (A),K o (A) + \{ 0},[UD, and K ++ (0)=K(^). 

Note that if A and B are unital AH-algebras then KLj" + (A,i3) is isomorphic to 
Hom(K ++ (A), K ++ (£?)). 

Let C denote the category whose objects are tuples 


({M,N,E,e),T,H,p, A), 

where (M, N, E, e) is as above, T is a metrizable compact convex set, H is a com¬ 
plete metric group, p: N -A Aff(T) is a group homomorphism, and A: AS(T)/p(N) -A- 
H is an injective continuous group homomorphism. The maps in C are triples 


(«, V, p) ■ {{M, N, E, e), T, H , p, A) -A ((M', N', E', e'), T', H\ pf, A'), 
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where ac: ( M,N,E,e ) —> (M', N', E’, e'), 77 : T' —> T , and 7 1 : H H' are maps in 
the corresponding categories that satisfy the compatibility conditions: 

p' o k\ n = AfT( 77 ) o p 1 and o p = Aff (77) o A, 

where 

Aff ( 77 ): AE(T)/rfN) -»• 

is the map induced by Aff ( 77 ). Using that inductive limits of sequences exist in each 
of the categories that form C, it is not difficult to show that C is also closed under 
taking inductive limits of sequences. Also, it is easy to see that F = (K ++ , T, H) is 
a functor from the category of unital, simple, separable, finite C*-algebras to the 
category C. Moreover, since the functors that form F are continuous, F is also 
continuous. 

Theorem 3.7. Let G be a finite group. Let ( A , a) and ( B , /?) be dynamical systems 
such that A and B are unital simple AH-algebras of no dimension growth. Assume 
that /3 has the Rokhlin property. 

(i) Let 

ac: K ++ (A) ^K ++ (R), 77: T(B) -> T(A), and p: H(A) -> H(B), 

be maps in the corresponding categories that satisfy the compatibility 
conditions 

Pb o k| Ko (a) = Aff (77) o p Al and Xb o p = Aff ( 77 ) o \ A , 
where p A , Pb, A a, and A b are as in (13.311 and (13.411 . Suppose that 
R°K(a 9 ) =K(/3 g ) ok, 77 o T(/? s ) = T(a g ) o 77, p o H(a fl ) = H(/3 g ) o p, 

for all g £ G. Then there exists an equivariant *-homomorphism <j>: (A, a) —> 
( B , /?) such that 

K ++ (</>) = ac, T(^) = 77, and H(</>) = p. 

(ii) Let (f>, ip: A —>• B be equivariant *-homomorphisms such that 

K«>) = K( 7 / 0 , T(^)=T(^), and H(</») = H(V-). 

Then 4> ~G-au 4>- 

Proof. It is shown in |16] that every unital simple AH-algebra of no dimension 
growth has tracial rank almost one. By na Theorems 5.11 and 6.10] applied to 
the algebras A and B, and using the computations of KL+ + (A, B) given in the 
paragraphs preceding the theorem, we deduce that the functor F (defined above) 
restricted to the category of unital simple AH-algebras of no dimension growth 
classifies *-homomorphisms. The theorem now follows from Theorem 13.21 □ 

Theorem 3.8. Let G be a finite group and let A and B be unital simple AH- 
algebras of no dimension growth. Let a and /3 be actions of G on A and B with 
the Rokhlin property. 

(i) The actions a and (3 are conjugate if and only if there exist isomorphisms 
ac: K ++ (A) ^K++(H), 77: T(B) T(A), p: H(A) —► H(R), 

in the corresponding categories, that satisfy the compatibility conditions 
of the previous theorem, and such that 

ac ° K(a g ) = K(/? g ) o ac, 77 o T(/3 g ) = T(a g ) o p, p o H(a g ) = H(/3 g ) o A, 
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for all g € G. 

(ii) Assume that A = B. Then the actions a and /3 are conjugate by an 
approximately inner automorphism if and only if 

K(a s )=K(/? g ), T(a g ) = T(f3 g ), and H(a fl ) = H(&), 

for all g G G. 

Proof. Part (ii) clearly follows from (i) and part (ii) of Theorem 13.71 Let us prove 
(i). As in the proof of Theorem 13.71 the functor F restricted to the category of 
unital simple AH-algebras of no dimension growth classifies homomorphisms. The 
statements of the theorem now follows from Theorem 13.31 □ 

Corollary 3.2. Let G be a finite group and let A be a unital simple AH-algebra 
of no dimension growth. Let (A, a) and (A, ft) be C*-dynamical systems. Suppose 
that 

K++K)=K++(/3 s ), T(a fl ) = and H(a fl ) = K(J3 g ), 

for all g G G. Then a <g> /r G and /? ® g, G are conjugate. 

Proof. The proof of this corollary follows line by line the proof of Corollary 13.11 
using the functor F instead of the functor Cu~ and Theorem l3.8l instead of Theorem 

EH □ 


4. CUNTZ SEMIGROUP AND K-THEORETICAL CONSTRAINTS 

In this section, a Cuntz semigroup obstruction is obtained for a C*-algebra to 
admit an action with the Rokhlin property. Also, the Cuntz semigroup of the 
fixed-point C*-algebra and the crossed product C*-algebra associated to an action 
of a finite group with the Rokhlin property are computed in terms of the Cuntz 
semigroup of the given algebra. As a corollary, similar results are obtained for the 
Murray-von Neumann semigroup and the K-groups. 

Let G be a group and let ( S , 7 ) be an object in the category Cug, this is, S' is a 
semigroup in the category Cu and 7 : G —> Aut(S) is an action of G on S. Let S 7 
and S 7 be the subsemigroups of S defined in Definition ^. 31 It was shown in Lemma 
12.31 that S 7 belongs to the category Cu and that S^ is closed under suprema of 
increasing sequences. We do not know in general whether SZ is an object in Cu. 
However, if a: G —> Aut(A) is an action of a finite group G on a C*-algebra A with 
the Rokhlin property, it will follow by the next theorem that Cu(A )^ u< '“' 1 coincides 
with Cu(A) Cu ( a l, and with the Cuntz semigroup of A a , so in particular belongs to 
Cu. 

For use in the proof of the next theorem, if cf>: A —>• B is a *-homomorphism 
between C*-algebras A and B , we denote by </> s :A<g>/C—>5<g>/C the stabilized 
*-homomorphism (f s = (f)(& id*;. 

Theorem 4.1. Let A be a C*-algebra and let a be an action of a finite group G 
on A with the Rokhlin property. Let i: A“ — > A be the inclusion map. Then: 

(i) The map Cu(i): Cu(A°) —> Cu(A) is an order embedding; 

(ii) The map Cu(*): Cu(A“) —> Cu(A) is an order embedding and 


Cu K) 

geG 



Im(Cu(«)) = Im 


Cu(A)° u( “ ) = Cu(A) Cu( “ ) 
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Proof. In the proof of this theorem, we will denote the action induced by a on 
A <8 /C again by a. 

(i) Let a,b G A a ® fC satisfy a A b in A <g) 1C. We want to show that a ^ b in 
A a ®lC. Let e > 0. By Lemma l2~4l there exists d G A(&1C such that (a — e)+ = dbd*. 
Apply a g to this equation to get (a — e)+ = a g (d)ba g (d*) for all g G G. 

Let 7 r: A —> C be the quotient map and let j : C —> A be the inclusion j{ A) = Al^ 
for all A G C. It is clear that 7r o j = idc- Set 


ai = (, j s o 7r s )((a - e)+) G Cl^ ( 8 > 1C, 
bi = (j s o iT s )(b) G Cljj <8 1C, 
di = (j s on s )(d) GCljO/C, 


«2 = (a — e)+ — ai G A a <8 /C, 
b 2 = b-bi£A a ®JC, 

c?2 = d — di Gd®/C. 


Then ai = di 6 id*. Set 


F = {a s ((i 2 )^a;g((i 2 ): g G G} U {di ba g (d 2 ) ■ g £ G} U {a 2 — di 6 2 d*} Ci®|C. 


Use Lemma EH (ii) to choose orthogonal positive contractions (r g ) ge G in (A<g>/C)°°n 

F' C (A® /C)°° fl F' such that a g {r g ) = r g /j for all g,h £ G, and ( ^ r g )x = x for 

g<£G 


all x G F. Set 


/ = 5> s a s (d 2 )+di G (A<8/C)°°. 
g&G 


In the following computation, we use in the first step the identities r g x = xr g for 
all g G G and x G F, r g rh = 0 for all j/li, and (r g — r g )x = x for all g G G and 
x G F; in the second step the definition of d 2 \ in the fourth step that di G {A®K) a 
and the identity (a — e)+ = a g (d)ba g (d*) for all g G G; in the fifth step the identity 
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ai = dib\d\] and in the last step the identity ( r g )x = x for all x £ F: 

g eG 


fbf* = ^2 r g a g (d 2 )ba h (d 2 )r h + ^ r g a g (d 2 )bdl + ^ diba g (d* 2 )r g + dibd\ 


ig,h£G 


geG 


g£G 


= ^ r g a g {d 2 )ba g {d 2 ) + ^ r g a g (d 2 )M* + r g d\ba g {d 2 ) + d\bd\ 


\g£G 


g£G 


g&G 


= r g {a g (d — di)ba g (d* — dl) + a g {d 2 )bd\ + diba g (d 2 )) + d±bd{ 




= ^r g (a g (d)6a g (d*)-a g (d-d 2 )6dt-di6a g (d*-^) + diK) +^iK 




= ^r g ((a-£)+-di6dt-di6^ + di6dt) + diK 


VffeG 


= ^2 r g (( a — e )+ — d\bd\) + d±bd{ 


VffSG 


= ^ r g (ai + o 2 - di6id* - di6 2 d*) + dibd\ 


O/eG 


= ^2 r g {a, 2 - d^dDj + d\bd\ 

= a 2 + dibid{ 

= {a-e)+. 

Shortly, (a — £)+ = fbf* in (^1 ® /C)°°. Since 

/ = ^2 r g a g(^) + di = ^2 Oi g {r e d 2 ) + di, 
g£G geG 

it follows that a g (/) = / for all g £ G. This implies that / is the image of a 
sequence (f n )ne N in f?°°(N, A a <g>/C), which satisfies 

lim f n bf* = (a- £)+. 


Thus, (a — £)+ A 6 in .A a ® /C. Since £ > 0 is arbitrary, we conclude that [a] < [ b] 
in Cu(^4 a ), as desired. 

(ii) Since A is an ideal in A, the semigroup Cu(Al) can be identified with the 
subsemigroup of Cu(Al) given by 


{[a] £ Cu(j4) : a £ (A ® /C)+}. 
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Using this identification, it is clear that the restriction of Cu(i) to Cu(kl) is Cu(?'). 
Therefore, it follows from the first part of the theorem that Cu(z) is an order 
embedding. 

Let us now proceed to prove the equalities stated in the theorem. It is sufficient 
to show that 


(4.1) Im(Cu(i)) C Im 


Cu(a 9 ) 


C Cu(A) Cu ( a) C Cu(A)® u(a) C Im(Cu(i)). 


The third inclusion is immediate and true in full generality. The second inclusion 

follows using that for [a] G Cu(kl), the element Y2 Cu(a s )([a]) is Cu(a)-invariant, 

<?CG 

that Y2 Cu(a fl )([a]) is the supremum of the path 
seG 


t Y Cu(a s )([(a + t - 1)+]), 
g&G 

and that Cu(^4) Gu ^“^ = Cu(A) Cu («) by part (ii) of Lemma HOI 

We proceed to show the first inclusion. Fix a positive element a G A a <g> K, and 
let e > 0. Using the Rokhlin property for a® id*; with F = {a}, choose orthogonal 
positive contractions ( r g ) ge G Q A <g> K. such that 


< s and || a g (r e ar e ) - r g ar g || < e, 


(4.2) a - Y r 9 ar a 

g&G 

for all g G G. Using the first inequality above and Lemma T2.41 we obtain 


VI 

ET 

1 


< 

E r S ar 9 - £ 


. / + . 


/+. 


Furthermore, using the second inequality in (14.211 and again using Lemma |2. 41 we 
deduce that 




< 


(a g (r e ar e ) - 2e) + 


< 




Take the sum of the previous inequalities, add them over g G G, and use that 
Cu (a g )[(r e ar e — 2e)+] = [( a g (r e ar e ) — 2e)+], to conclude that 


[(a - 4e) + ] < Y Cll ( a s) [i r ear e - 2e) + ] < [a], 

seG 


We have shown that for every £ > 0, there is an element x in Im Y2 Cu(a g ) 

\g&G , 

such that 

[(a - £■)+] <Ci< [a]. 


By Lemma E21 applied to [a] = sup[(a —e) + ] and to the set 5 = Im Y2 Cu(a g ) ): 


£>0 


K 9<£G 


E Cu(a g ) , 

I 


it follows that [a] is the supremum of an increasing sequence in Im 
showing that the first inclusion in (14.111 holds. 
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In order to complete the proof, let us show that the fourth inclusion in (14.111 is 
also true. Fix x £ Cu(A)^ u *“\ Choose a rapidly increasing sequence ( x n ) n in 
Cu(Al) such that Gu(a g )(x n ) = x n for all n £ N and all for all g £ G. Fix m £ N 
and consider the elements x n with n > m. Note that x m -C x m +i <■■•<!. By 
Lemma 12.61 there is a positive element a £ A 0 K, such that 

x m < [(« - 3e) + ] < x m+1 < (a - 2e) + < x m+2 < (a - e) + < x = [a]. 

Note that this implies that 

[a g (a)] = Cu(a s )[a] = Cu(a 3 )(x) = x = [a] < [a] 


and 


[(a - 2e)+] < x m + 2 = Cu(Q s )(i m + 2 ) < Cu(a s )[(o - e)+] = [a g {{a - e)+)] 

for every g £ G. By the definition of Cuntz subequivalence, there are elements 
fg,h g £ A (g) 1C for g £ G such that 

IM a ) - f g af *|| < |^| 


and 

II( a ^ 2 e)+ - h g a g ((a - e)+)h* || < 7 ^ 7 . 

Using the Rokhlin property for a, with 

F = {a g {a),a g {{a - e)+), f g ,h g -. g & G} U {(a - 2e) + }, 

choose positive orthogonal contractions (r s ) se c Q (A®/C) 00 nF' as in (ii) of Lemma 
12.11 Set f = fg r 9 an d h = hg r g■ Then 
g&G g&G 


J2 r g a g( a ) r g ~ f a f* 

— 

5Z r 9( a s( a ) ~fg a fg) 

g eG 


g<=G 


in (A<g)/C)°°. Similarly, 



= £, 


(a - 2e)+ - h V a g ((a - e)+) h* 


< £. 


Using that r g commutes with a g (a ) and that r^a g (a) = r g a g [a) for all g £ G , one 
easily shows that 

r 9 a g( a ) r 9 = a ( r ear e ), and r g {a g {{a - e)+))r g = ( r g a g (a)r g - e) + , 
g<=G gGG 














27 


for all g G G. Thus, we have 


Y r g (a g ((a - e)+))r g = Y r g( a g( a ) ~ £ )+ r g 

g&G geG 

= Y^ r 3 a g^ r g _£r )+ 

geG 

= Y r 9 a g^ r g ~ £ 

\seG 

( Y a g( r e ar e) ~ £ 

geG 


Therefore, we conclude that 


Y oi g {r e ar e ) - faf* 

< e. and 

( a - 2e) + - h ^ a g {r e ar e ) - £ h* 

g&G 


W G J + 




Let (r n ) n€ Nj (/n)ne n, and {h n )ne n be representatives of r e , /, and h in £°°(N, A <g) 
/C), with r n positive for all n £ N. By the previous inequalities, there exists k £ N 
such that 


Y a g {r k ar k ) - f k af k 

< e, and 

(a - 2e) + ~h k \Y a g( r fe ar fe) _ e K 

geG 


W G J + 


hold in A ® /C. By Lemma [2.41 applied to the elements Y2 a g{ r kar k ) and f k af£, 

geG 


and to the elements (a — 2e) + and hk a ( r fe ar fc) ~ e /i£, we deduce that 

VseG 


Therefore, 


[(a 


3e)+] < 


Y a g(. r k ar k) 

\seG 



<[a]. 




5Z a s( r fc ar fe) 

\S6G 



■C X. 


Note that the element a g {r k ar k ) — e ) belongs to (^4®/C)“ and so it is in 

V eG / + 

the image of the inclusion map i s = z<8>iclj<;: (A<g>/C)“ —*• A®1C. Since m is arbitrary, 
we deduce that x is the supremum of an increasing sequence in Im(Cu(i)) by Lemma 
12.21 Choose a sequence (y n )n& n in Cu(A“) such that (Cu {i)(y n ))neti is increasing 

in Cu(v4) and set x = sup(Cu(z)(z/„)). Since Cu(z) is an order embedding, it follows 
n£ N 

that (y n )n£N is itself increasing in Cu(A“). Set y = supy„. Then Cu(y) = x since 

nG N 

Cu(z) preserves suprema of increasing sequences. □ 
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Corollary 4.1. Let A be a C*-algebra and let a be an action of a finite group 
G on A with the Rokhlin property. Then Cu(A x a G) is order-isomorphic to the 
semigroup: 

x n -C x n+ i Vn £ N and x = sup x n , 
x G Cu(A): 3 (x n ) ne ^ in Cu(A): " eN 

Cu(a s )(a:„) = x n \/g G G, Vn G N 

Proof. Since a has the Rokhlin property, the fixed point algebra A a is Morita 
equivalent to the crossed product Ax a Gby m Theorem 2.8]. Therefore, there is 
a natural isomorphism Cu(A x a G) = Cu(A Q ). Denote by i: A a -A A the natural 
embedding. By Theorem 14.11 the semigroup Cu(A a ) can be naturally identified 
with its image under the order embedding Cu(i), which is Cu(A)^ u< - a - ) again by 
Theorem 14.II The result follows. □ 


Corollary 4.2. Let A be a C*-algebra, let a be an action of a finite group G on 
A with the Rokhlin property, and set n = |G|. Suppose that Cu(a g ) = idc u (A) for 
every gGG, and that the map multiplication by n on Cu(A) is an order embedding 
(in other words, whenever x, y G Cu(A) satisfy nx < ny , one has x < y .) Then the 
map multiplication by n in Cu(A) is an order-isomorphism. 

Proof. It suffices to show that for all x G Cu(A), there exists y G Cu(A) such that 
x = ny. By Theorem 14.II (ii), we have 


\Cu(a) 


Im I ^ Cu(a 5 ) I = Cu(^4) p 

W ) 

Since Cu(o g ) = idc u (A) f° r a ll 5 G G, this identity can be rewritten as 


nCu(A) = Cu(A). 


In particular, if x is an element in Cu(A), then there exists a sequence (yk)ke n 

in Cu(A) such that (nyk)k&n is increasing and x = sup (nyk)- Since (nyk)ke n is 

fce N 

increasing, it follows from our assumptions that (yk)keN is increasing as well. Set 

y = sup yk- Then 

fee n 

x = sup (ny k ) = n sup yk = ny , 
fceN fceN 

and the claim follows. □ 


Let A be a C*-algebra and let p and q be projections in A. We say that p and q 
are Murray-von Neumann equivalent , and denote this by p ~mvN q, if there exists 
v G A such that p = v*v and q = vv*. We say that p is Murray-von Neumann 
subequivalent to q, and denote this by p A MvN q 1 if there is a projection p' G A such 
that p ~mvN p ' and p' < q. The projection p is said to be finite if whenever q is a 
projection in A with q < p and q ~mvN P, then q = p. 

If A is unital, then A is said to be finite if its unit is a finite projection. Moreover, 
A is said to be stably finite if M„(A) is finite for all n G N. If A is not unital, we 
say that A is (stably) finite if so is its unitization A. 

Lemma 4.1. Let A be a stably finite C*-algebra and let p G A® 1C be a projection. 
Suppose that there are positive elements a, b G A (g) K, such that [p] = [a] + [6] in 
Cu(A). Then a and b are Cuntz equivalent to projections in A®/C (see the comments 
before Lemma 2.4 for the definition of Cuntz equivalence). 
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Proof. Let a and b be elements in A ® 1C as in the statement. By the comments 
before Lemma 12.51 we have 

[a] = sup[(a — e)+] and [&] = sup[(6 — e)+]. 

£>0 £>0 

Since [p] -C [p], there exists e > 0 such that \p] = [(a — e)+] + [(6 — e)+]. Choose 
a function f F £ Cn(0, oo) that is zero on the interval [e, oo), nonzero at every point 
of (0, £ ) and H/elloo < 1- Then 

[p] + lfe(a)] + lfe(b)} = i(a - £ )+] + [/ e (a)] + [(6 - e)+] + [,f e (b )] < [a] + [b] = [p\. 

Hence, \p\ + [/ £ (a)] + [f e {b)} = [p\- Choose c € (A ® /C)+ such that [c] = [f e {a)] + 
[f E (b)] and cp = 0. Then p + c ^ p. By [23] Lemma 2.3 (iv)], for every S > 0 there 
exists x £ A® K, such that 

p + (c — <5)_|_ = x*x, xx* £ p(A ® IC)p. 

Fix 6 > 0 and let x be as above. Let x = v\x\ be the polar decomposition of 
x in the bidual of A® } C. Set p' = vpv* and d = v{c — <5)+u*. Then p' is a 
projection, p' and d are orthogonal, p and p' are Murray-von Neumann equivalent, 
and p' + d £ pAp. Using stable finiteness of A we conclude that p = p' and d = 0. 
It follows that (c — (5)+ = 0 for all <5 > 0, and thus c = 0. Hence, f £ (b) = f e (a) = 0 
and in particular, a and b have a gap in their spectra. Therefore, they are Cuntz 
equivalent to projections. □ 

Recall that the Murray-von Neumann semigroup of A, denoted by V(H), is de¬ 
fined as the quotient of the set of projections of A®K. by the Murray-von Neumann 
equivalence relation. 

Note that p ^cu Q if and only if p S m? n q. On the other hand, p S Mv n q and 
q ^MvN P do not in general imply that p ~mvN q, although this is the case whenever 
A is finite. In particular, if A is finite, then p ~cu q if and only if p ~mvN <7- Hence, 
if A is stably finite, then the semigroup V(H) can be identified with the ordered 
subsemigroup of Cu(H) consisting of the Cuntz equivalence classes of projections 
of A ® 1C. 

Recall that if S' is a semigroup in Cu and x and y are elements of S, we say that 
x is compactly contained in y, and denote this by x <C y, if for every increasing 
sequence (y n )neN in S such that y = supy„, there exists no £ N such that x < y n 

for all n > no- 

Definition 4.1. Let S be a semigroup in Cu and let x be an element of S. We 
say that x is compact if x -C x. Equivalently, x is compact if whenever (x n ) ng N is 
a sequence in S such that x = sup x n , then there exists no £ N such that x n = x 

nGN 

for all n > no- 

It is easy to check that the Cuntz class [p] £ Cu(H) of any projection p in a C*- 
algebra A (or in A® 1C) is a compact element in Cu(H). Moreover, when A is stably 
finite, then every compact element of Cu(H) is the Cuntz class of a projection in 
A®1C by [5] Theorem 3.5]. In particular, V(H) can be identified with the semigroup 
of compact elements of Cu(H) if A is a stably finite C*-algebra. 

When studying stably finite C*-algebras in connection with finite group actions 
with the Rokhlin property, the following lemma is often times useful. The result 
may be interesting in its own right, and could have been proved in [26] since it is a 
direct application of their methods. 
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Lemma 4.2. Let G be a finite group, let A be a unital stably finite C*-algebra 


and let a: G -A Aut(A) be an action with the Rokhlin property. Then the crossed 
product 4» a G and the fixed point algebra A a are stably finite. 

Proof. The fixed point algebra A a , being a unital subalgebra of A, is stably finite. 
On the other hand, the crossed product A x a G, being stably isomorphic to A a by 


E3 Theorem 2.8], must itself also be stably finite. 


□ 


For unital, simple C*-algebras, part (ii) of the theorem below was first proved 


by Izumi in [20] . The proof in our context follows completely different ideas. 


Theorem 4.2. Let A be a stably finite C*-algebra and let a be an action of a 


finite group G on A with the Rokhlin property. Let i: A a -A A be the inclusion 
map. 

(i) The map V(z): V(A a ) —► V(A) is an order embedding and 



(ii) If A has an approximate identity consisting of projections, then Ko(z): Kq(A q ) 
Kq(.A) is an order embedding and 



y K 0 (a g ) = {x £ K 0 (A): K 0 (a g )(a;) = x, Mg £ G} . 


Proof, (i) The fact that V(i) is an order embedding is a consequence of Theorem 


14. H and the remarks before and after Definition 14.11 Let us now show the inclusions 
(4.3) 

C {x £ V(A): V(a g )(x) = x V g £ G) C Im(V(*)). 



Let p £ A a <g) JC be a projection. By Theorem 14.11 there exists a sequence (a n )„ € N 



in (A®/C) + such that Cu(a g )([a„]) 


is increasing and 


seG 



Since [i{p)\ is a compact element in Cu(A), it follows that there exists no G N 
such that [z(p)] = ^ Cu(a fl )([a n ]) for all n > uq. Fix m > no- It is easy to 


seG 


check that if S' is a semigroup in the category Cu, then a sum of elements in S is 
compact if and only if each summand is compact. It follows that Cu(a g )([a m ]) is 
compact for all g £ G. In particular, and denoting the unit of G by e, we deduce 
that [a m ] = Cu(a e )([o m ]) is compact. Since A is stably finite by assumption, there 
exists a projection q £ A® K, such that [g] = [a m ]. Thus 
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showing that the first inclusion in (14.311 holds. 

Using the fact that au ° a g } = 2 a g f° r a ll h £ G, it is easy to check 

\g£G J g&G 


that 



thus showing that the second inclusion also holds. 

We proceed to prove the third inclusion. Let x £ V(A) be such that V(a g )(x) = x 
for all g £ G. Note that x is compact as an element in Cu(A). It follows that 
Cu(a fl )(a;) = x for all g £ G and hence by Theorem 14.II there exists a £ (A a <g> K.)+ 
such that Cu(i)([a]) = x. Since the map Cu(i) is an order embedding again by 
Theorem 14.11 one concludes that [a] is compact. 

Finally, the fixed point algebra A a is stably finite by Lemma l4.2l a.nd thus there is 
a projection p £ A Q ®/C such that \p] = [a] in Cu(A Q ). It follows that Cu(i)([p]) = x, 
showing that the third inclusion in (14.311 is also true. 

(ii) Follows using the first part, together with the fact that the Ko-group of a C*- 
algebra containing an approximate identity consisting of projections, agrees with 
the Grothendieck group of the Murray-von Neumann semigroup of the algebra; see 
Proposition 5.5.5 in [3] ■ □ 

In the following corollary, the picture of V(A xi a G) is valid for arbitrary A. 

Corollary 4.3. Let A be a stably finite C*-algebra containing an approximate 
identity consisting of projections, and let a be an action of a finite group G on A 
with the Rokhlin property. Then there are isomorphisms 


V(A x Q G) “ {x G V(A): V(a g )(x) =i,V 9 eG}, 
K*(A x a G) = {x £ K*(A): K*(a g )(x) = x, Vg £ G} . 


Proof. Recall that if a has the Rokhlin property, then the fixed point algebra A a 
and the crossed product A x Q G are Morita equivalent, and hence have isomorphic 
K-theory and Murray-von Neumann semigroup. The isomorphisms for V(A x a G) 
and Ko(A x a G) then follow from Theorem 021 above. 

Denote B = A^iC(S 1 ) and give B the diagonal action 0 = a®id< 7 (si) of G. Note 
that B is stably finite and has an approximate identity consisting of projections, 
and that /? has the Rokhlin property by part (i) of Proposition 12.11 Moreover, 
there is a natural isomorphism = (4x a G)®C(S 1 ). Applying the Kiinneth 

formula in the first step, together with the conclusion of this proposition for Ko 
(which was shown to hold in the paragraph above) in the second step, and again 
the Kiinneth formula in the fourth step, we obtain 


{x £ K*(A): K*(a g ){x) = x, V g £ G} = {x £ K 0 (B): K o (0 g )(x) = x, V g £ G} 


Kq(Rx^G) 

K„((A x„ G) (g) G(S' 1 )) 
K*(A x Q G), 


as desired. 


□ 
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5. Equivariant UHF-ABSORPTION 

In this section, we study absorption of UHF-algebras in relation to the Rokhlin 
property. We show that for a certain class of C*-algebras, absorption of a UHF- 
algebra of infinite type is equivalent to existence of an action with the Rokhlin 
property that is pointwise approximately inner. (The cardinality of the group is 
related to the type of the UHF-algebra.) Moreover, in this case, not only the C*- 
algebra absorbs the corresponding UHF-algebra, but also the action in question 
absorbs the model action constructed in Example 12. II Thus, Rokhlin actions allow 
us to prove that certain algebras are equivariantly UHF-absorbing. 

5.1. Unique n-divisibility. The goal of this section is to show that for certain 
C*-algebras, absorption of the UHF-algebra of type n°° is equivalent to its Cuntz 
semigroup being n-divisible. Along the way, we show that for a C*-algebra A, the 
Cuntz semigroups of A and of A <g> M„oo are isomorphic if and only if Cu(A) is 
uniquely n-divisible. 

We point out that some of the results of this section, particularly Theorem 15. II 
were independently obtained in the recent preprint |T], as applications of their 
theory of tensor products of Cuntz semigroups. On the other hand, the proofs 
we give here are direct and elementary. Additionally, our techniques also apply to 
other functors, for instance the functor Cu~. 

We begin defining the main notion of this section. Recall that if S and T are 
ordered semigroup and ip: S —> T is a semigroup homomorphism, we say that ip is 
an order embedding if ip(s) < ifi(s') implies s < s' for all s, s' G S. A semigroup 
isomorphism is called an order preserving semigroup isomorphism if it is an order 
embedding. 

Definition 5.1. Let S be an ordered semigroup and let n be a positive integer. 

(i) We say that S is n-divisible , if for every x in S there exists y in S such 
that x = ny. 

(ii) We say that G is uniquely n-divisible , if multiplication by n on S is an 
order preserving semigroup isomorphism. 

Recall that the category Cu is closed under sequential inductive limits. 

Lemma 5.1. Let nSN and let S' be a semigroup in the category Cu. Denote by 
p: S —> S the map given by p(s) = ns for all s € S. Let T be the semigroup in Cu 
obtained as the inductive limit of the sequence 

Then T is uniquely n-divisible. 

Proof. Let S and T be as in the statement. To avoid any confusion with the 
notation, we will denote the map between the /c-th and (k + l)-st copies of S by 
Pk, so we write T as the direct limit 

,<? Pl >- ,<? 92 -» <? 93 - -- T 


For k,m £ N with m > k, we let pk,m- S —>• S denote the composition p m -i o 
p m -2 o • • • o p kl and we let pfc i00 : S —> T denote the canonical map from the /c-th 
copy of S to T. 
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Let s,t GT satisfy ns < nt. By part (i) of Proposition ^. 21 there exist sequences 
(sfc)fee n and (4)fce n in S such that 

Pk{s k ) < Sfe+i for all k G N and s = sup pk,oo(sk) 

fee n 

pk(h) < 4+i for all k G N and t = sup pk,oo(h)- 

fee N 

It follows that Pfe 5 oc(^fe) Pfe+i,oo (sfc+i ) and Pk,oo(tk) Pfc+i,oo(4+i) for all 
fc e N. 

Let k > 2 be hxed. Since 


Pk,oo(ns k ) <S:ns <nt = sup pk,oo(nh), 
fee N 

there exists l G N such that Pk,oo(nsk ) < pi,oo(nti). Use part (ii) of Proposition 12.21 
and pj-i(sj-i) -C Sj for all j G N, to choose m > k,l such that pk-i, m (nsk-i) < 
Pi,m(nti). Therefore, 

Pk — l,oo (Sfe — 1 ) = Pm+l,oo(Pm+l (Pfe—l,m(Sfc — l))) 

= Pm+l,oo (n-Pfc —l,m (-Sfe —1)) 

= Pm+l,oo (Pfe — l,m ijlSk — 1 )) 

4 Pm+1 ,oo (pi (nti)) 

— Pm-{-l,oo(jiPl,m(j'l')') 

= Pm+l,oo(Pm+l (pl,m(^l))) 

— Pi ,oc (t/) 

<t, 

this is, Pfe—i,oo(sfe_i) < t. Since this holds for all fc > 2, we conclude that 

S = SUpp fe _i j 00 (Sfc_i) < t. 
k> 2 

We have shown that ns < nt in T implies s < t. In other words, multiplication by 
n on T is an order embedding, as desired. 

To conclude the proof, let us show that T is n-divisible. Fix t G T and choose a 
sequence (4) feeN in T satisfying 

Pfc(4) < 4+1 for all k G N and t = suppfc )00 (4). 

fceN 


For each k G N we have 


Pfc,fc+2 (4) = n 2 tk = npk+i,k+2(tk)- 

With Xfe = Pfc+i,oo(4)> it follows that Pk, 00(h) = nx k - Since (pk,00(h)) ken is an 
increasing sequence in T, we deduce that ( nxk)ken is an increasing sequence in T 
as well. Since we have shown in the first part of this proof that multiplication by 
n on T is an order embedding, we conclude that (xk)ke N is also increasing. With 
x denoting the supremum of (xk)ken, we have 

t = sup pk,00(h) = sup nxk = nsupxk = nx , 
feeN ’ fceN 


which completes the proof. 


□ 
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We point out that the functor Cu~ does not distinguish between *-homomorphisms 
that are approximately unitarily equivalent (with unitaries taken in the unitization). 
On the other hand, the corresponding statement for approximate unitary equiva¬ 
lence with unitaries taken in the multiplier algebra is not known in general. The 
following proposition, of independent interest, implies that this is the case whenever 
the codomain has stable rank one. This will be used in the proof of Lemma 15.21 to 
deduce that certain *-homomorphisms are trivial at the level of Cu"L 

Proposition 5.1. Let A and B be C*-algebras with B stable, and let (p, ip : A —>• B 
be *-homomorphisms. Suppose that <p and ip are approximately unitarily equivalent 
with unitaries taken in the multiplier algebra of B. Then <j> and ip are approximately 
unitarily equivalent with unitaries taken in the unitization of B. 

Proof. Denote by i : B —>• M(S)°° the canonical inclusion as constant sequences. 
We will identify B with a subalgebra of M(2?), and suppress l from the notation. 
Hence we will denote the maps ip: A—> M (B)°° again by <p and ip, respec¬ 

tively. 

Let F C A be a finite set. Then there exists a unitary u = TTM(B)((un)netf) in 
M(B)°° such that cp(a) = uip(a)u* for all a £ F. Choose a sequence (sn)„ e N of 
positive contractions in B such that 

lim s n ip(a) = lim ip(a)s n = ip (a) 

n—too n—t oo 

for all a £ F. Let s = 7TM(_B)((s n ) n gN) denote the image of (s n ) ne n in B°° C 
M(H)°°. Then 

scp(a ) = (p{a)s = (p(a) 

for all a £ F. Since B is stable, we have B C GL (B) by |4j Lemma 4.3.2]. 
Hence, elements in B have approximate polar decompositions with unitaries taken 
in B. This implies that there exists a sequence (u„) ne N of unitaries in B such that 
lim ||u n s n — v n s n || = 0. Let v = 7rs((u„)„ e N) denote the image of (v„)„ e N in 

n—>• oo 

{B)°°. Then us = vs and 

<p(a) = uip{a)u* = usip(a)su* = vsip(a)sv* = vip(a)v* 
for all a G F. This implies that lim \\cp(a) — v n ip(a)v*\\ = 0 for all a G F. Since 

n—too 

v n is a unitary in B for all n G N, we conclude that <p and ip are approximately 
unitarily equivalent with unitaries taken in the unitization of B. □ 

/ , k\\lA — 1 

Let n,k £ N. We let ( D" ) denote the set of matrix units of M n k(C). 

V / i,j =0 

Recall that if A and B are C*-algebras and <p,ip: A —>• B are *-homomorphisms 
with orthogonal ranges, then <p + ip is also a *-homomorphism and Cu(<p + ip) = 
Cu (</>) + Cu(^). 

Lemma 5.2. Let A be a C*-algebra and let n, k £ N. Let ik : A M n k ( A ) be the 
map given by tfc(a) = a® f 0 ; for all a £ A , and let jk : M„ib (H) —> M n fc+i (H) be 
the map given by jk{a) = a ® l n for all a £ M„fc(H). Then the map 

Cu(t fe+ i) _1 oCu(jfe) oCu(ife): Cu(H) ->• Cu(H), 
is the map multiplication by n. 
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Proof. Since Cu is invariant under stabilization, we may assume that the algebra 
A is stable. 

Fix k in N. For each 0 < i < n — 1, let jk,%- M n fc(A) —» be the map 

defined by jk,i{b) = b <g> for all b £ M^A). Then the maps have 

n —1 

orthogonal ranges and jk = ^2 JM- By the comments before this lemma, we have 

i= 1 


n— 1 


Cu(jfc) = Cu 0'm)' 

2—0 


Since f-™' 1 and fjf 1 ^ are unitarily equivalent in M n (C) for all i,£ = 0,.. .,n — 1, 
we conclude that the maps jk t i and jk.e are unitarily equivalent with unitaries in 
the multiplier algebra of M n fc+i (A). By Proposition 15. II this implies that the maps 
jk t i and jk/ are approximately unitarily equivalent (with unitaries taken in the 
unitization of M„ik+i(A)). Since approximate unitary equivalent maps yield the 
same morphism at the level of the Cuntz semigroup, we deduce that Cu (jk,i) = 
Cu(jk.i) for alii, t = 0,..., n — 1. Given a positive element a in A <g> /C, we have 


(Cu(tfe+i) 1 o Cu (j k ) o Cu(tfe))([a]) = (Cu(i fc +i) 1 o Cu(j fc )) ( 


f n—1 


a ® fofi ] ) 


a (8) 


Cu(i fc +i) 1 f Cu 0'fc,i) ( 

\ 2—0 

Cu(ifc+i) _1 (nCu(j fc)0 ) ( a<8»/oV )) 

nCu(ifc+i ) _1 ( a /o’o } /o’o ) 
nCu(i fc +i ) _1 (a®/, 




c(n k+1 ) 

1 0,0 


= n[a] 


We conclude that Cu(tt+i) 1 o Cu(jfe) o Cu(tfe) is the map multiplication by n. □ 


Theorem 5.1. Let A be a C*-algebra and let n £ N with n > 2. Then Cu(A) is 
uniquely n-divisible if and only if Cu(A) = Cu(A ® M n oo) as order semigroups. 

Proof. Assume that there exists an isomorphism Cu(A) = Cu(d®M„oo) as ordered 
semigroups. Using the inductive limit decomposition M„oo = lim with connect¬ 
ing maps jk : M n fc-i ( A ) —>• M n * (A) is given by jk(a ) = a ® l n for all a £ (A), 

we can write A ® M„oo as the inductive limit 


A M n (A) -2+ M„2 (A) -- A ® M„oo. 

By continuity of the functor Cu (see 0 Theorem 2]), the semigroup Cu(A®M„«.) 
is isomorphic to the inductive limit in the category Cu of the sequence 

(5 .i) Cu(A) ^ Cu(M n (A)) ^ Cu(M„ 2 (A)) ^ • • • . 

By 0 Appendix], the inclusion ik: A —>• M n k(A) from A into the upper left corner 
of M n fc (A) induces an isomorphism between the Cuntz semigroup of A and that of 
M„ic(A). For k £ N, let tpk ■ Cu(A) —> Cu(A) be given by 

ipk = Cu(4+i) _1 o Cu(jfc) o Cu(4). 
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The sequence (15.111 implies that Cu(A<g)M„cx>) is the inductive limit of the sequence 
(5.2) Cu(A) Cu(^) Cu(Al) 

By Lemma l5.2l each tp k is the map multiplication by n. It follows from Lemma 15.II 
that Cu(A (gi M„oo) is uniquely n-divisible. This shows the “if’ implication. 

Conversely, assume that Cu(A) is uniquely n-divisible and adopt the notation 
used above. The map ip k is the map multiplication by n on Cu(j 4) by Lemma 1 5. 21 
so it is an order-isomorphism by assumption. By the inductive limit expression of 
Cu(A ® M„oo) in (15.21) . we conclude that Cu(^4) = Cu(A ® M n oo), as desired. □ 

Remark 5.1. Let Q denote the universal UHF-algebra. Using the same ideas as 
in the proof of the previous theorem, one can show that Cu( A) = Cu( A <g> Q) if and 
only if Cu(A) is uniquely p-divisible for every prime number p. 

We now turn to direct limits of one-dimensional NCCW-complexes. The follow¬ 
ing lemma will allow us to reduce to the case where the algebra itself is a one¬ 
dimensional NCCW-complex when proving that multiplication by n is an order 
embedding at the level of the Cuntz semigroup. 

Lemma 5.3. Let ( S k ,p k ) k m be an inductive system in the category Cu, and let 
S = lin^Sfc, Pk) be its inductive limit in Cu. Let n € N. If multiplication by n on 
S k is an order embedding for all k in N, then the same holds for S. 

Proof. For l > fc, denote by p k j ■ S k —>• Si+± the composition p k ,i = pi o • • • o p k , 
and denote by Pk,oo- S k -A S the canonical map as in the definition of the inductive 
limit. Let s,t £ S satisfy ns < nt. By part (i) of Proposition 12.21 for each k G N 
there exist Sk,tk € Sk such that 

Pk{.s k ) < s fc+ i and s = sup p kl00 (s k ), 

ke N 

pk{tk)<.t k+ 1 and t = sup pk,oo(t k ). 

fceN 

Note in particular that /9 fci oo(sfc) < Pfc+i,oo(sfc+i) and Pk,oo{t k ) < Pk+i,oo{h+i) for 
all k G N. 

Fix k € N. Then 

Pk, oo ( ns k ) <C pfc+i,oo(^Sfc+i) sup pj : 00 {ntj). 

je n 

By the definition of the compact containment relation, there exists j £ N such that 

Pk, oo (nSfc) <?C p k +i,oo( ns k+i) S Pj,cx>intj). 

By part (ii) of Proposition 12.21 there exists 1 £ N such that 

npk,i{s k ) = Pk,i{ns k ) < Pj,i{ntj) = npa(tj). 

Using that multiplication by n on S k is an order embedding, we obtain pk,iis k ) < 
Pj,iitj). In particular, 

Pk,oo 00 < pj ,oo itj) < t. 

Since k G N is arbitrary and s = sup/3fc i00 (s/c), we conclude that s <t. □ 

feeN 

Proposition 5.2. Let A be a C*-algebra that can be written as the inductive limit 
of 1-dimensional NCCW-complexes. Then the endomorphism of Cu(Al) given by 
multiplication by n is an order embedding. 
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Proof. By Lemma HOI it is sufficient to show that the proposition holds when A is 
a 1-dimensional NCCW-complex. Let E = ®' =1 (C) and F = ® ® =1 M(C) 

be Hnite dimensional C*-algebras, and for x £ [0,1] denote by ev x : C([0,1],.F) —> 
F the evaluation map at the point x. Assume that A is given by the pullback 
decomposition 

A - ^E 


C([Q,1],F) 


evo©evi 


F ® F, 


By H Example 4.2], the Cuntz semigroup of A is order-isomorphic to a subsemi¬ 
group of 

Lsc([0,l],z7 s ) ®(Z7) r . 

Since multiplication by n on this semigroup is an order embedding, the same holds 
for any subsemigroup; in particular, it hold for Cu(A). □ 


Corollary 5.1. Let A be a C*-algebra in one of the following classes: unital al¬ 
gebras that can written as inductive limits 1-dimensional NCCW-complexes with 
trivial Ki-groups; simple algebras with trivial Ko-groups that can be written as 
inductive limits 1-dimensional NCCW-complexes with trivial Ki-groups; and alge¬ 
bras that can written as inductive limits of punctured-tree algebras. Let n £ N. 
Suppose that the map multiplication by n on Cu(A) is an order-isomorphism. Then 
A = A <g> M„=°. 

Proof. By Proposition ^.2l together with the assumptions in the statement, it follows 
that the map multiplication by n on Cu(A) is an order-isomorphism. Hence, it is 
an isomorphism in the category Cu. By part (ii) of Theorem 15.11 there is an 
isomorphism Cu(A) = Cu(A <g> M n oo) in Cu. 

The same arguments used at the end of the proof of Theorem 13.21 show that the 
classes of C*-algebras in the statement can be classified up to stable isomorphism 
by their Cuntz semigroup. Therefore, we deduce that 

A®K = A® M„=o <g> 1C. 

Using that M n ~-absorption is inherited by hereditary C*-subalgebras (j34j Corol¬ 
lary 3.1]), we conclude that A = A <g> M„=o. □ 


5.2. Absorption of the model action. We now proceed to obtain an equivariant 
UHF-absorption result (compare with [2T1 Theorems 3.4 and 3.5]). 

Theorem 5.2. Let G be a hnite group and let A be a C*-algebra belonging to 
one of the classes of C*-algebras described in Corollary 15.11 Then the following 
statements are equivalent: 

(i) The C*-algebra A absorbs the UHF-algebra M|g|«.. 

(ii) There is an action a: G —> Aut(A) with the Rokhlin property such that 
Cu(ag) = idc u (A) for all g C G. 

(iii) There are actions of G on A with the Rokhlin property, and for any action 
/3: G — > Aut(A) with the Rokhlin property and for any action 5: G — > 
Aut(A) such that Cu (f3 g ) = Cu (S g ) for all g G G, one has 

(A,/3) S (A ® M|o|oo, S <S> m G ), 
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that is, there is an isomorphism ip: A —> A 0 M| G |oo such that 
V o Pg = ® A * G )g ° V 

for all g in G. 

In particular, if the above statements hold for A, and if a: G —> Aut(A) is an 
action with the Rokhlin property such that Cu(a g ) = idc u (A) for all g G G, then 
(A, a) ^ (A®M| G |oo,idA 0A* G )- 

Proof, (i) implies (ii). Fix an isomorphism (p: A —>■ A0M| G |oo and define an action 
cr. G —> Aut(A) by a g = o (kU 0 p G ) g o <p for all g in G. For a fixed group 
element g in G, the automorphism id a 0 p G of A 0 M| G |oo is approximately inner, 
and hence so is a g . It follows that Cu(a g ) = idc u (A) for all g in G, as desired. 

(ii) implies (i). Assume that there is an action a: G —► Aut(A) with the Rokhlin 
property such that Cu(a g ) = idc u (A) for all g £ G. Then A = A ® M| G |oo by 
Proposition 15.21 Corollary 15.II and Corollary 14. 2 1 

(i) and (ii) imply (iii). Let /3 and 5 be actions of G on A as in the statement. Since 
M| G |oo is a strongly self-absorbing algebra, there exists an isomorphism (f>: A —> 
A®M| G |oo that is approximately unitarily equivalent to the map i\ A —> A<g>M| G ioo 
given by ((a) = a®lM| G |oo for a in A. In particular, one has Cu(<f) = Cu(i). Hence, 
for every a € (A (g) /C)+ we have 

(Cu(</)) o Cu(/3 g ))([a]) = Cu(i)[(/3 g <8 id K )(a)] = [((/3 g ® id K )(a)) ® 1 m| G| »] 

and 

(Cu(5 g ® p G ) o Cu(0))([a]) = Cu(<5 g ® ^t G ) ( [a 0 1m |G |oo ]) 

= [((<5 g 0 id/c)(o)) 0 1 M | G| oo] • 

Since Cu(/3 g ) = Cu(5 g ) for all g £ G, it follows that 

Cu(</>) o Cu (/3 g ) = Cu((5 g 0 g g ) o Cu (<f>) 

for all g in G. In other words, the Cu-isomorphism Cu(^): Cu(A) —>• Cu(A 0 
M| G |oo) is equivariant. Therefore, by the unital case of Theorem 13.61 there exists 
an isomorphism <p: A —> A 0 M| G |oo such that <p o j3 g = (5 0 /i G ) g o tp for all g G G, 
showing that j3 and <5 0 p G are conjugate. 

(iii) implies (i). The existence of an action j3: G —> Aut(A) with the Rokhlin 
property implies the existence of an isomorphism A —> A0M| G |oo, simply by taking 

5 = P- 

The last claim follows immediately from (iii). □ 
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